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Abstract. A discrete countable group F is said to be ME rigid if any discrete 
countable group which is measure equivalent to T is virtually isomorphic to F. 
This paper presents a construction of ME rigid groups given as amalgamated 
free products of two rigid groups in the sense of measure equivalence. A class 
of amalgamated free products is introduced, and discrete countable groups 
which are measure equivalent to a group in that class are investigated. 



The aspect of rigidity is one of the major focuses of recent advance in the study 
of measure equivalence. Among other things, fascinating rigidity is discovered for 
lattices in a non-compact connected simple Lie group with its center finite and 
its real rank at least two, and for mapping class groups of non-exceptional com- 
pact orientable surfaces (see [5] and [12], respectively). In this paper, we present 
a construction of rigid groups given as amalgamated free products of two rigid 
groups, where rigidity is formulated in terms of measure and orbit equivalence. 
All amalgamated free products in theorems stated in this section are obtained by 
amalgamating two groups over their infinite subgroups. In particular, free products 
are not investigated. It is easily shown that in general, free products do not satisfy 
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such superrigidity even if their factor subgroups are rigid groups mentioned already. 
We refer to and |T5] for rigidity of strong type for free products. We shaU recah 
the definition of measure equivalence. Throughout the paper, we refer to discrete 
countable groups as discrete groups for simplicity. 

Definition 1.1 ([T31 0.5.E]). Two discrete groups F and A are said to be measure 
equivalent (ME) if one has a standard Borel space (I],m) with a cr-finite positive 
measure and a measure-preserving action of F x A on (I],m) such that there exist 
Borel subsets X, F C E satisfying the equation 

7er AeA 

up to m-null sets. In this case, the space (E, m) equipped with the action of F x A is 
called a coupling of F and A. The ratio m{X) / miY) is called the coupling constant 
for the coupling (E, m). When F and A are ME, we write F ~me A. 

It is easy to prove that ME defines an equivalence relation between discrete 
groups (see §2 in [9]). A basic problem is to determine the class of discrete groups 
which are ME to a given discrete group. It directly follows from the definition that 
any two lattices in a locally compact second countable group are ME. Any two 
virtually isomorphic groups are easily shown to be ME, where two discrete groups 
are said to be virtually isomorphic if they are isomorphic up to the operations 
taking finite index subgroups and taking the quotients by finite normal subgroups. 
We recommend the reader to consult [12] and [25 for basic knowledge and recent 
achievements related to measure equivalence. 

One purpose of this paper is to describe a discrete group which is ME to an 
amalgamated free product F = Fi F2 when some conditions are imposed on the 
inclusions ^ < Fi and A < F2. It is widely known that one can construct the 
simplicial tree T, called the Bass-Serre tree, associated with the decomposition of 
F, on which F acts by simplicial automorphisms. This tree T gives us a geometric 
viewpoint in the study of algebraic structure of F. The following theorem tells us 
that in a certain case, if a discrete group A is ME to F, then A also acts on T so 
that the structure of A can be understood through the Bass-Serre theory [27j . 

Theorem 1.2. Let T — Vi*a F2 be an amalgamated free product of discrete groups 
such that for each i — 1,2, 

• Ti satisfies the property (T); and 

• 1^1 = 00, [Fi : ^] = 00 and LQNp^(yl) = A. 

We denote by T the Bass-Serre tree associated with the decomposition of F and 
suppose that the subgroup of F consisting of elements trivially acting on T is finite. 
Then the following two assertions hold: 

(i) // a discrete group A is ME to T , then there exists a subgroup A+ of A of 
index at most two acting on T without inversions so that the stabilizer of 
each simplex s of T for the action A_|_ r\T is ME to the stabilizer of s for 
the action T r\T . 

(ii) In the assertion (i), if the action A r\ E/A is furthermore ergodic, then 
A+ is decomposed as an amalgamated free product A_(_ = Ai *b A2 with 
Fi '^ME Ai for each i = 1,2 and A ^me B. 
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Given a group G and a subgroup H of G, we define the left quasi-normalizer of 
H in G as the subsemigroup 

LQNa{H) = {geG\[H : gHg-^ n i?] < oo } 

of G containing H. It is easy to check that the equation LQN q{H) — H is equivalent 
to the condition that each orbit for the action H rv (G/H) \ {H} defined by left 
multiplication consists of infinitely many points. 

As a next step, we deduce a superrigidity result in terms of orbit equivalence 
on the assumption that the factor subgroups Fi and r2 of an amalgamated free 
product Fi *A ^2 hold rigidity in the sense of measure equivalence. There is a close 
connection between orbit equivalence and measure equivalence, whose details will 
be reviewed in Section 13.11 We say that a Borel action of a discrete group F on a 
measure space {X, fi) is f.f.m.p. if /i is a finite positive measure on X and if the action 
is essentially free and preserves fi. Two ergodic f.f.m.p. actions F (X, fi) and 
A r> (y, v) are said to be orbit equivalent ( OE) if there exists a Borel isomorphism 
/ between conuU Borel subsets of X and Y such that /,/^ and v are equivalent and 
the equation /(Fx) = ^f{x) holds for a.e. x ^ X. 

A notable example of rigid groups in measure equivalence is a lattice in a non- 
compact connected simple Lie group G with its center trivial and its real rank at 
least two. Furman 9 proves that a discrete group is ME to such a lattice if and 
only if it is virtually isomorphic to a lattice in G. The following theorem shows 
superrigidity of an ergodic f.f.m.p. action of an amalgamated free product Fi *^ F2 
of such lattices Fi and F2, where an ergodicity condition is imposed on the action of 
A. Let us say that a measure-preserving action of a discrete group A on a measure 
space is aperiodic if any finite index subgroup of A acts on it ergodically. 

Theorem 1.3. Let F = Fi *^ F2 be an amalgamated free product of discrete groups 
such that for each i = 1,2, 

• Ti is isomorphic to a lattice in a non-compact connected simple Lie group 
with its center trivial and its real rank at least two; and 

• \A\ = 00, [Ti : A]=oo and LQNr^(A) = A. 

Let F r\- {X, fj.) be an ergodic f.f.m.p. action such that the restriction A r\ {X, fi) is 
aperiodic. If the action F r\ {X,iJ,) is OE to an ergodic f.f.m.p. action A (Y,!/) 
of a discrete group A, then the cocycle a: T x X — > A associated with the OE 
is cohomologous to the cocycle arising from an isomorphism from F onto A. In 
particular, the two actions F r\ {X, /i) and A r\ (Y, v) are conjugate. 

We refer to Corollary 16.51 for a more general form of this theorem. If the action 
of A is not assumed to be aperiodic, then the conclusion on the cocycle a does not 
hold in general. A counterexample can be obtained by twisting an action of either 
Fi or F2. This topic is discussed in Section |8l 

Finally, we construct new examples of ME rigid groups. A discrete group F is 
said to be ME rigid if any discrete group which is ME to F is virtually isomorphic 
to F. The author |19| proves that the mapping class groups for non-exceptional 
compact orientable surfaces are ME rigid, and they are the first example of infinite 
ME rigid groups. We present ME rigid groups given as amalgamated free products 
of two copies of SL{n,'Z). Moreover, it will be shown that any ergodic f.f.m.p. 
actions of these groups are superrigid, where no ergodicity condition is imposed on 
the actions of any proper subgroups. 
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Theorem 1.4. Let T be a lattice in a non-compact connected simple Lie group 
with its center trivial and its real rank at least two, and let A be a subgroup of T 
such that 

• \A\ ^ oo, [r : A] = oo and LQNp(A) = A; and 

• the Dirac measure on the neutral element is the only probability measure 
on ConimG'(r) n Covom.G{A) that is invariant under conjugation by each 
element of A, where we put G = Aut(G'°). 

Then the amalgamated free product T is ME rigid. 

Given a group G and a subgroup F of G, we denote by ConimG'(r) the (relative) 
commensurator of F in G. As an application of this theorem, we obtain the following 
examples of ME rigid groups. General examples of the same type are presented in 
Theorems [9H and l9lll 

Theorem 1.5. Let T and A be the groups defined in either of the following two 
ways: 

(a) Fix an isomorphism / : ® — > R** between real vector spaces so that 
/(Z^(8)Z^) — Z^. Define T and A to be the groups of linear automorphisms 
on R'* given as follows: 

r ^ SL{A, Z), A = /(G'i(2, Z) GL(2, Z))/-i. 

(b) Put r — SL{3, Z) and define A to be the group consisting of all matrices 
in SLlSjIi) both of whose (2, 1)- and (3, l)-entries are zero. 

Then the amalgamated free product F *^ F is ME rigid. 

To prove Theorem 11.41 we will propose a useful formulation of rigidity in the 
setting of ME, which automatically implies not only ME rigidity but also rigidity in 
terms of OE and lattice embeddings. Given a discrete group F and a homomorphism 
tt: F — )■ G into a standard Borel group G, we introduce a rigidity property of F, 
called coupling rigidity, with respect to the pair (G,7r). This rigidity forces the 
existence of an essentially unique, (F x F)-equi variant Borel map from any self- 
coupling of F (i.e., a coupling of F and F) into G, where the action of F x F on G 
is given by the formula 

(71,72)5 = 7r(7i)57r(72)~\ 71,72 e F, 5 e G. 

If F is coupling rigid with respect to the pair (G, tt) , then any self-coupling of F can 
be investigated through the familiar action of F x F on G defined above. Thanks 
to Furman's representation theorem (see Theorem 13. 5|) , this rigidity produces an 
important consequence. Namely, if A is a discrete group which is ME to F, then 
one obtains a useful representation of A into G. This provides us with a general 
principle that investigation of self-couplings of F is the first step to understand 
the structure of A. Furman [9] in fact proves the celebrated rigidity theorem for 
higher rank lattices mentioned already, by combining this representation theorem 
and Zimmer's cocycle superrigidity theorem. This principle is also followed by 
Monod-Shalom and by the author [TH]. We also prove the theorems stated so 
far following this principle. In particular, the group F in Theorem 11.41 is shown 
to be coupling rigid with respect to the pair of the commensurator Comm(F) of F 
and the natural homomorphism from F into Comm(F) associated by conjugation, 
where f is the quotient of F by its finite center. As a consequence of this fact, we 
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deduce ME and OE rigidity results for F. We refer to Section [3T2] for an explicit 
formulation of coupling rigidity and a few consequences of it. 

Organization of the paper. Sections [2] and [3] collect basic notation and ter- 
minology in the study of measure equivalence, which contain discrete measured 
groupoids, ME, WOE and the cocycles associated with them. The relationship 
among them is also reviewed briefly. Section |4] starts the study of self-couplings 
of the amalgamated free products stated in Theorem 11.21 The main result of this 
section says that any amalgamated free product F in the theorem is coupling rigid 
with respect to the pair of the automorphism group of the Bass-Serre tree T and the 
natural representation of F into it. It then follows from Furman's representation 
theorem that a discrete group A which is ME to F acts on the tree T. Section [5] in- 
vestigates this action of A on T and proves Theorem II. 2 1 We also present sufficient 
conditions for the action of A on T to be locally cofinite and to be cocompact. 

Section [6] proves Theorem II. 3 1 on superrigidity in terms of OE. Section [7] gives a 
general criterion for amalgamated free products of rigid groups to be coupling rigid 
with respect to their commensurators and proves Theorem 11.41 Section [8] presents 
amalgamated free products which are not coupling rigid with respect to their com- 
mensurators. Sections and [TUl provide examples of amalgamated free products 
to which the theorems in the previous three sections are applied. In particular, 
the former section presents examples of ME rigid groups given as amalgamated 
free products of two copies of SL(n,Z). Based on argument involving algebraic 
groups, we can find many examples satisfying the assumption in Theorem 11.31 Fi- 
nally, Section [TT] contains a few consequences of coupling rigidity with respect to 
commensurators and an observation on groups which are ME to free products. 

Notation employed throughout the paper. When H is a subgroup of a group 
G, we write H < G. If _ff is a normal subgroup of G, then we write H <\G. These 
symbols are also used in a similar way when G and H are groupoids. When H 
is a subgroup of a group G, the normalizer and centralizer of _ff in G are denoted 
by Ng{H) and Zg{H), respectively. If A and B are subsets of a set, then AAB 
stands for the symmetric difference of A and B, i.e., the set {A \ B) U {B \ A). 
The cardinality of a set A is denoted by \A\. We list below Assumptions writing 
down conditions imposed on amalgamated free products, and list symbols employed 
throughout the paper. 

List of Assumptions and symbols 



Assumption (7k-) [T3l 

Assumption (o) [T8l 

Assumption (•) [24l 

Assumption (f) [28l 

Assumption (|) [31] 

Aut(T) m 

Aut*(T) m 

Comm(F) [10] 



CommG(r) M 

E{T) M 

i m 

LQNr(A) m 

V{T) M 

vi{T),v2{T) m 

ig)A m 

GA m 
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2. Discrete measured groupoids 

This section collects basic facts on discrete measured groupoids. We recommend 
the reader to consult [16] and Chapter XIII, §3 in [29] for basic knowledge of 
standard Borel spaces and discrete measured groupoids, respectively. 

We refer to a standard Borel space with a finite positive measure as a standard 
finite measure space. When the measure is a probability one, we refer to it as a 
standard probability space. Given a discrete measured groupoid G on a standard 
finite measure space {X, ^) and a Borel subset A C X of positive measure, we 
denote by 

{Q)A^{9^Q\r{g),s{g)eA} 

the groupoid restricted to A, where r,s: Q ^ X are the range and source maps, 
respectively. If ^ is a Borel subset of X, then QA stands for the saturation 

gA^{r{g)eX\g(,g,s{g)^A}, 

which is a Borel subset of X. We say that a discrete measured groupoid Q on a. 
standard finite measure space {X,ii) is finite if for a.e. x S X, r~^{x) consists of 
at most finitely many points. We say that Q is of infinite type if for a.e. x & X, 
r^^{x) consists of infinitely many points. 

Let V r\ X he a. Borel action of a discrete group F on a standard Borel space 
X. One can then equip the product space T x X with the following structure of a 
groupoid: 

• The range and source maps are given by r(7, a;) = ^x and 3(7, x) = x, 
respectively, for 7 G F and x £ X. 

• The operation of products is given by (71, 72 a^) (72, a;) = (7172,2;) for 
71, 72 6 r and X & X. 

• (e, x) is the unit element at x £ X. 

• The inverse of (7,0;) G F x X is given by (7""'^, 7a;). 

We say that a cr-finite positive measure /i on X is quasi-invariant for the action 
T r\ X \i the action preserves the class of ^. In this case, the action F r\ {X, n) 
is said to be non-singular. One can then define a cr-finite positive measure fl on 
r X X hy the formula 




for a Borel subset A C T x X , where = {g & G \ s{g) = x} ior x ^ X and XA is 
the characteristic function on A. It is easy to check that the class of the measure 
jl is invariant under the map G ^ g ^ g~^ S G- When F x X is equipped with 
this structure of a groupoid and the measure fl, we call it the discrete measured 
groupoid associated with the action F r\ {X, /i) and denote it by F x {X, fi) or by 
F X X when there is no confusion. Note that F K (X, jj) and its quotient equivalence 
relation g(F x (X, /i)) are naturally isomorphic as discrete measured groupoids if 
the action F r\ (X, ji) is essentially free. 



RIGIDITY OF AMALGAMATED FREE PRODUCTS 



7 



There is a close connection between orbit equivalence and isomorphism of two 
discrete measured groupoids associated with group actions, explained briefly below. 
Let r r\ {X, ji) and A r\ (Y, v) be ergodic f.f.m.p. actions on standard finite 
measure spaces, and let Q and % be the associated groupoids, respectively. It is 
easy to show that Q and H are isomorphic as discrete measured groupoids if and 
only if the two actions are OE. If there are Borel subsets A C X and B C Y oi 
positive measure such that {Q)a and {T-CjB are isomorphic, then the two actions are 
said to be weakly orbit equivalent (WOE). 

Given an action of a groupoid Q on a, space S*, i.e., a groupoid homomorphism 
from Q into Aut(S'), one can formulate fixed points for it. For simplicity, we consider 
only actions of Q which factor through an action of a discrete group. 

Definition 2.1. Let Q he a. discrete measured groupoid on a standard probability 
space (X, /i), and let 5* be a standard Borel space. Suppose that we are given a 
Borel action of a discrete group F on S* and a groupoid homomorphism p: Q — F. 
A Borel map ip: X S is said to be invariant for Q if it satisfies the equation 

P{9)vi.s{g)) = (p{r{g)) for a.e. g eQ. 

We say that f is p-invariant for Q when we specify p. 

More generally, if v4 is a Borel subset of X and if a Borel map Lp: A ^ S satisfies 
the above equation for a.e. g G {Q)a^ then we say for simplicity that ip is invariant 
for Q although we should say that ip is invariant for {Q)a- 

We give a context in which one can find invariant Borel maps for groupoids. 

Theorem 2.2 (pj). Let V he a discrete group satisfying the property (T). Suppose 
that we are given a measure-preserving action F r\ (X, jj) of T on a standard 
probability space, a simplicial tree T having at most countable simplices, and a 
Borel cocycle p: F x X — >■ H, where H is the simplicial automorphism group of T 
equipped with the standard Borel structure induced from the pointwise convergence 
topology. Let S{T) be the set of simplices of T , on which H naturally acts. Then 
there exists a Borel map ip: X ~¥ S{T) satisfying the following equation: 

p{'y,x)(p{x) — ip{jx) V7 G F, a.e. x G X. 

Finally, we present an observation on invariant Borel maps for groupoids, which 
will be used repeatedly in Section |4l 

Lemma 2.3. Let Q be a discrete measured groupoid on a standard probability space 
(X, fi) . Suppose that we are given a Borel action of a discrete group T on a standard 
Borel space S and a groupoid homomorphism p: Q ^ T. If A C X is a Borel subset 
and if ip: A ^ S is a p-invariant Borel map for Q, then p extends to a p-invariant 
Borel map from QA into S . 

Proof. By using 18.14 in [16], one can find a Borel map / : QA Q such that 

• s[f{x)) — X and r{f{x)) G A for a.e. x G QA; and 

• f{x) = e^ E Q^ for a.e. x E A, 

where Q^ = {g & Q \ r{g) = s(g) = x} is the isotropy group on x and Cx is the 
unit element of Q^. It is easy to check that the map QA 9 a; i-)- p{f{x))(p{x) G 5 is 
p-invariant for Q. □ 



8 



YOSHIKATA KIDA 



3. ME, WOE, AND COUPLING RIGIDITY 

The first subsection reviews a connection between ME and WOE in use of dis- 
crete measured groupoids. This is originally discussed in [TO] in use of discrete 
measured equivalence relations. A formulation of it in terms of groupoids makes 
it possible to establish one-to-one correspondence between couplings and (conju- 
gacy classes of) isomorphisms which are defined between groupoids associated with 
two group actions. The second subsection introduces coupling rigidity for discrete 
groups, which clarifies a significant role of Furman's representation theorem in de- 
ducing diverse superrigidity results. In particular, we discuss some consequences of 
coupling rigidity for discrete groups with respect to their commensurators. 

3.1. Relationship between ME and WOE. Let (S, m) be a coupling of discrete 
groups r and A. Given Borel subsets A, F C S with |J7er 7^ = UagA = ^ 
up to m-nuU sets, one can define actions T r\ X and A rv F as follows: For 7 G F 
and X Cz X , there exists a unique a{'j,x) G A such that (■y,a(-y,x))x £ X since 
A is a fundamental domain for the action A ^ S. It is easy to see that the map 
(7, x) i-T- (7, q;(7, x))x defines an action of F on A which is measure-preserving with 
respect to the restriction of to to A. To distinguish this action and the original 
action of F on E, we use a dot for this new action, that is, we denote (7, 0(7, x))x 
by 7 • a;. The map a: F x A — ^ A is called the ME cocyde (associated with A) and 
it satisfies the cocycle identity: 

a{li72,x) = a{ji,j2 ■ x)aij2,x), V7i,72eF, a.e. a; e A. 

We can define an action of A on y in a similar way and denote the ME cocycle 
associated with Y hy f3: A x Y ^ T. One can choose fundamental domains A, 
Y satisfying the property in the following lemma, which makes it much easier 
to construct an isomorphism between (restrictions of) the two discrete measured 
groupoids Q = T « X and V. — A k Y. 

Lemma 3.1 ( [20( Lemma 2.27]). In the above notation, one can choose X and Y 
so that the intersection Z = X HY satisfies the following two conditions: 

• T ■ Z = X up to null sets when Z is regarded as a subset of A; 

• A ■ Z = Y up to null sets when Z is regarded as a subset of Y . 

Remark that replacing fundamental domains for the actions F n^- S and A r\ 
E corresponds to exchanging the ME cocycles into ones cohomologous to them. 
Therefore, this replacing does not essentially affect the problem considering the 
coupling F X A r> E. Let us define the groupoid homomorphisms /: {Q)z {H)z 
and g: {'H)z ~^ {G)z by the formulas 

/(7, x) (a(7, x), x), g{X, y) = (^(A, y), y) 

for (7, a:) e (g)z and (A, y) e in)z- 

Proposition 3.2 ([20, Proposition 2.29]). In the above notation, we have go/ = id 
and f o g = id. 

Conversely, given an isomorphism between (restrictions of) two discrete mea- 
sured groupoids associated with measure-preserving actions of groups on standard 
finite measure spaces, one can construct the corresponding coupling (see Lemma 
2.30 in [20]). 
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3.2. Coupling rigidity and Furman's representation theorem. Let G be a 

standard Borel group and F, A discrete groups. Given homomorphisms tt: F — > G 
and p: A — G, we denote by (G, tt, p) the Borel space G equipped with the action 
of F X A defined by 

(7, \)g = Ti{-i)gp{\)-\ geG, 7 G F, A e A. 

Let E be a coupling of F and A, and let $ : E — > be a Borel map into a standard 
Borel space S on which F x A acts. We say that $ is almost (F x A)-equivariant if 
we have the equation 

$((7, A)a;) = (7, A)$(a;), V7 £ F, VA £ A, a.e. x e E. 

Definition 3.3. Let F be a discrete group, G a standard Borel group and tt : F ^> G 
a homomorphism. We say that F is coupling rigid with respect to the pair (G, tt) if 

(a) for any self-coupling E of F, there exists an almost (F x F)-equi variant 
Borel map $: E — > (G,7r, tt); and 

(b) the Dirac measure on the neutral element of G is the only probability 
measure on G that is invariant under conjugation by any element of 7r(F). 

When TT is understood from the context, F is simply said to be coupling rigid with 
respect to G. 

The following lemma is an immediate consequence of the above condition (b). 

Lemma 3.4. Let T be a discrete group, G a standard Borel group and tt: F -> G 
a homomorphism satisfying the condition (h ) in Definition \3.3\ . Let E 6e a self- 
coupling ofT. Then the following assertions hold: 

(i) An almost (TxT)-equivariant Borel map from T, into {G , -k , it) is essentially 
unique if it exists. 

(ii) Let F' and F" he finite index subgroups ofT. Then any almost (F' x F")- 
equivariant Borel map from E into (G, tt, tt) is almost (F x T)-equivariant. 

Proof. Let $ and 4' be almost (F x F)-equi variant Borel maps from E into (G, vr, tt). 
We note that the map x 1— >• $(a;)\E'(a;)~^ is invariant under the action of {e} x F and 
thus induces a finite positive measure on G which is invariant under conjugation 
by any element of 7r(F). One then immediately obtains the equation $(x) = ^{x) 
for a.e. x £ E. This proves the assertion (i). We refer to Lemma 5.8 in [19] for the 
proof of the assertion (ii). □ 

The following theorem states a major consequence of coupling rigidity and is 
applied to getting information on an unknown group A which is ME to a given 
group F. 

Theorem 3.5. Let V be a discrete group and suppose that F is coupling rigid 
with respect to a pair (G, tt) of a standard Borel group G and a homomorphism 
tt: F — > G. Let T, be a coupling ofT and a discrete group A. Then there exist 

• a homomorphism p: A — J> G; and 

• an almost (F x A)-equivariant Borel map $ : E — 4> (G,7r,p). 

In addition, if ker vr is finite and there is a Borel fundamental domain for the action 
0/ 7r(F) on G defined by left multiplication, then p can be chosen so that ker p is 
finite. 
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Proof. Since this theorem is essentiahy proved by Furman [9" , we give only a sketch 
of the proof. Let us consider the actions of F x F and AxAonExAxE defined 
by the formulas 

(7i:72)(a;, A,y) = (71a;, A, 72y), 

(Ai, A2)(x, A, y) (Aix, AiAA^\ A2y) 

for 71, 72 e F, A, Ai, A2 e A and x, y G S, respectively. We denote by the quotient 
space of E X A X S by the action of A x A. The action of F x F induces an action 
F X F J7, which defines a self-coupling of F. By assumption, there exists an 
almost (F x F)-equi variant Borel map ^ : 51 (G, tt, tt). It will be shown that this 
^ satisfies the equation 

*([x,A,2/]) = $(x)p(A)$(y)-i, VA £ A, a.e. ix,y) e S x S, 

where p and $ are maps in the theorem, and [x, A, y] stands for the equivalence 
class of (x, A, y) G S X A X E in fl. 

The above expected equation inspires us to prove that the Borel map F: E"^ G 
defined by the F{x, y, z) = ^'([a;, e, e, z])~^ for (x, y, z) G is independent 

of the third variable z. Indeed, one can prove it by using the condition (b) in 
Definition l3.3l It then follows that if we define two Borel maps p:A— )-G, $:E— )>G 
by the formulas 

p(\) = *([a;o, A, z])^'([a;o, e, A G A 

$(a;) = 5'([xo, e, a:])"\ a; G E 

with an appropriate G E, then p is independent of z and these two maps are 
desired ones. The expected equation in the previous paragraph follows from unique- 
ness of an almost equivariant Borel map from a self-coupling of F into (G, 7r,7r). 
The latter assertion of the theorem is verified along the same line as the proof of 
Lemma 6.1 in [S]. □ 

Given a discrete group F and a pair (G, tt) with ker vr trivial, let us give a neces- 
sary condition for F to be coupling rigid with respect to (G,7r). This condition is 
formulated in terms of the commensurator of F defined as follows. 

Definition 3.6. The (abstract) commensurator Comm(F) of a discrete group F 
is the group of all isomorphisms between finite index subgroups of F up to the 
equivalence relation so that two such isomorphisms are equivalent if there exists a 
finite index subgroup of F on which they are equal. If /i : F'^ F" and /2 : Fj — Fj 
are isomorphisms between finite index subgroups of F, then the product of the two 
elements of Comm(F) represented by /i and /2 is represented by the composition 
/i o /2 defined on f^^iV'^ n F'2'). We denote by i: F ^ Comm(F) the natural 
homomorphism associating the inner automorphism of F to each element of F. 

Suppose that F is a subgroup of a discrete group G. The (relative) commen- 
surator of F in G, denoted by Comm(3(F), is the subgroup of G consisting of all 
elements .g G G such that both [F : gVg^^ n F] and [gTg~^ : gVg^^ n F] are finite. 

To write down a few basic properties of Comm(r) and i, we introduce the fol- 
lowing terminology. It is easy to check the subsequent lemma. 

Definition 3.7. When we are given a group G and a subgroup F of G, we say that 
G is ICC with respect to F if the set 

{757"'eG|7er} 
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consists of infinitely many elements for each non-trivial element g oi G. If G is ICC 
with respect to G itself, then G is simply said to be ICC. 

Lemma 3.8. Let T be a discrete group. Then the following assertions hold: 

(i) The homomorphism i : F — > Comni(r) is injective if and only if T is ICC. 

(ii) // r is finitely generated, then Comm(r) is countable. 

(iii) IfT is ICC, then Comm(r) is ICC with respect to i(r). 

The next lemma shows us a necessary condition for a discrete group T to be 
coupling rigid with respect to a pair (G, tt), which says that Comm(r) is naturally 
contained in G. 

Lemma 3.9. Suppose that a discrete group T is coupling rigid with respect to the 
pair (G, tt) of a standard Borel group G and a homomorphism tt: F — > G with kerTr 
trivial. Then there exists an isomorphism tt: Comm(r) — ^ Comm(3(7r(r)) satisfying 
the equation 

for any isomorphism /: F' — >■ F" between finite index subgroups o/F. 

Proof. Note that F is ICC by the condition (b) in Definition 13.31 For each g G 
Comm(3(7r(F)), the isomorphism tt^^ o Adg o tt between finite index subgroups of 
F defines an element of Comm(F). This map g ^ tt~^ o Adg o tt defines a natural 
homomorphism i: CommG(7r(F)) — > Comm(F). 

Each element / G Comm(F) associates a self-coupling S/ of F as follows: Let F' 
and F" be finite index subgroups of F between which / is an isomorphism. Let E*^ 
be the countable Borel space F" equipped with the counting measure. We define 
an action F' x F" r\ by the formula 

(71,72)7 = /(7l)772'^ 71 G r', 7,72 e F". 

Let F X F ^ be the self-coupling defined by the action induced from the action 
F' X F" EO. 

Since F is coupling rigid with respect to (G, tt), there exists an essentially unique, 
almost (F x F)-equivariant Borel map $: E/ — > (G,7r,7r). Let e G E° C E/ be the 
neutral element and put g — $(e)~^. It then follows that for any 7 G F', the 
equation Tr{j)g^^ = '^'(/(7)) = Q^^'^ifil)) holds, and we have the equation 

i'(/(7)) = 57r(7)5'"\ V7 G F'. 

We then see that the map tt : Comm(F) — CommG(7r(F)) defined by / ^ g in the 
above notation is a homomorphism, whose inverse is equal to the homomorphism i 
constructed above. □ 

This lemma implies that Comm(F) is the smallest group with respect to which 
F can be coupling rigid. When F is coupling rigid with respect to Comm(F), one 
obtains several superrigidity results for F via Furman's representation theorem as 
follows. These results are essentially proved in [T^ and [19]. Other consequences 
of coupling rigidity with respect to Comm(F) are presented in Section [TT] 

Proposition 3.10. Let F be an ICC discrete group such that Comm(F) is count- 
able. IfT is coupling rigid with respect to Comm(F), then the following assertions 
hold: 
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(i) r is ME rigid, i.e., if T is ME to a discrete group A, then the two groups 
are virtually isomorphic. 

(ii) Any ergodic f.f.m.p. action ofT is superrigid, i.e., if an ergodic f.f.m.p. 
action T rx {X,ij) is WOE to an ergodic f.f.m.p. action A r\ {Y, v) of a 
discrete group K, then the two actions are virtually conjugate. 

(iii) // two aperiodic f.f.m.p. actions T rx {X,fj.), F rx {Y,!^) are WOE, then 
they are conjugate. 

A sufficient condition for an ICC group F to be coupling rigid witli respect to 
Comm(r) is given in the following: 

Lemma 3.11. Let (S,m) be a self-coupling of an ICC discrete group F. Suppose 
that Comm(F) is countable and that we have 

• a countable Borel space C on which F x F acts so that each of the subgroups 
r X {e} and {e} x F acts freely; and 

• an almost (F x T)-equivariant Borel map $o : S ^ C. 

Then there exists an essentially unique, almost (F x T)-equivariant Borel map from 
E into (Comm(F), i, i). 

Proof. Choose (E, m), C and $0 : E ^ C in the assumption. We equip the measure 
($o)*"^ with C, and we may assume that each point of C has positive measure. It 
is then clear that C is a self-coupling of F. To distinguish the two actions of F on 
E, let us use the following notation. Given any 7 G F, we set 

L(7) = (7,e)eFxF, it!(7) = (e, 7) € F x F 

for each 7 € F, where e is the neutral element of F. 

We claim that there exists a (F x F)-equivariant map ^ : C — > (Comm(F), i, i). 
Pick c G C and choose a fundamental domain X for the action i?(F) rx C containing 
c. Let a: FxX ^ F be the associated ME cocycle. We denote by Fc the stabilizer of 
c for the action V r\ X . It is then easy to sec that Fc is a finite index subgroup of F 
and that the restriction of a to Fc x {c}, denoted by ac, gives a homomorphism from 
Fc into F, which is independent of the choice of X. Similarly, choose a fundamental 
domain Y for the action LiT) rv C containing c. Let /3 : F x F — > F be the ME 
cocycle and F^ the stabilizer of c for the action T r\ Y . The restriction of (5 to 
F'c X {c}, denoted by /3c, then defines a homomorphism from Fc into F, which is 
independent of the choice of Y . It is easy to check that both of the compositions 
Uc o (3c and (3c ° etc are equal to the inclusions. This implies that ac and (3c define 
elements of Comm(F) and that ^c is the inverse of ac in Comm(F). 

Let us define a map : C ^ Comm(F) by putting ^(c) = {ac)~^ = (3c- We 
prove that \1/ is (F x F)-equivariant. Choose any 7 G F and c £ C. Let X,Y C 
C be fundamental domains for the actions ii(F) r\ C, L{T) rx C containing c, 
respectively. Let a : F x X — > F and /3 : F x y — > F be the associated ME cocyclcs. 
Since L(j)Y is also a fundamental domain for the action L{T) r\ C, one can 
construct the ME cocycle P'' : F x L(7)F — >■ F. This cocycle (3'^ satisfies the equation 

p^{X,L{'y)y) = 7/3(A,j/)7-\ VA e F, a.e. yeY 

because L{'y(3{\,y)'y-'^)R{\)L{'y)y = L{j)L{(3{X,y))R{\)y belongs to L{j)Y. The 
above equation implies that 4'(L(7)c) is equal to i(7)^'(c). The map ^ is hence 
equivariant under the action of L{T). The equivariance under the action of i?(F) 
can be proved in a similar way. Composing the map $0 with ^, we obtain an almost 
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(r X r)-equivariant Borel map $: S — !■ (Comm(r), i, i). Essential uniqueness of $ 
follows from Lemma [3.41 (i) and Lemma [3^ (iii) . □ 

Finally, we present examples of groups which hold coupling rigidity with respect 
to some pairs. The proof of the following theorem is due to Furman [9], which relies 
on Zimmer's cocycle supcrrigidity theorem [30]. 

Theorem 3.12 ( 9J). Let T be a lattice in a non-compact connected simple Lie group 
G with its center finite and its real rank at least two. Then T is coupling rigid with 
respect to the pair (Aut(AdG), z), where F — > Aut(AdG') is the restriction to F 
of the natural homomorphism from G into Aut(AdG). 

It is known that the mapping class group of a non-exceptional compact orientable 
surface S is coupling rigid with respect to the automorphism group of the complex 
of curves for S (see [IS]). 

4. Reduction of self-couplings 

Let F = Fi *^ F2 be an amalgamated free product and T the Bass-Serre tree 
associated with the decomposition of F. This section proves that F is coupling 
rigid with respect to the simplicial automorphism group Aut*(r) of T when several 
conditions are imposed on the subgroups Fi, F2 and A. This coupling rigidity gives 
us useful information on a discrete group A which is ME to F thanks to Furman's 
representation theorem 13.51 A detailed study of such a A will be performed in 
Section [Sj The following collects conditions on the factor subgroups Fi, F2 and the 
inclusions A <Ti and A < F2 so that coupling rigidity of F holds. 

Assumption (★): For each i = 1, 2, let F^ be a discrete group and Ai a subgroup 
of Fi such that 

• Fi satisfies the property (T); and 

• \Ai\= 00, [Fj : Ai] = 00 and LQNr.(Ai) = Ai. 

Let (f): Ai ^ A2 he an isomorphism and set the amalgamated free product 

F= (Fi,F2 I Ai A2). 

We denote by A the subgroup of F corresponding to Ai ~0 A2. Let T be the 
Bass-Serre tree associated with the decomposition of F and i: F — Aut*(r) the 
homomorphism arising from the action T r\T. We suppose that ken is finite. 

Let us explain the notation and terminology in the above assumption. Given a 
group F and a subgroup yl of F, we put 

LQNr(A) = { 7 e F I [A : n A] < 00 }, 

called the left quasi-normalizer oi A in F, which is a subsemigroup of F containing A. 
We say that A is left- quasi-normalized by itself in F when the equation LQNp(yl) — 
A holds. We denote by Aut*(T) the automorphism group of T equipped with the 
standard Borel structure associated with the pointwise convergence topology. 

We shall review basic properties of the Bass-Serre tree associated with an amal- 
gamated free product F = Fi *^ F2. We define a simplicial tree T as follows. Let 
y(r) = F/Fi U F/F2 be the set of vertices of T, and let E{T) ^T/Ahe the set of 
edges of T. For each 7 G F, the two end points of the edge jA G E{T) are given by 
7Fi,7F2 G V{T). It follows from 1.4.1 in [27] that this in fact defines a connected 
tree and F acts on T as simplicial automorphisms by left multiplication. 
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Let Vi S V{T) be the vertex corresponding to Ti G T/Ti for i — 1,2. The 
stabihzer of vi in T is equal to Fi, and there is a F^-equivariant one-to-one corre- 
spondence between Ti/ A and the hnk Lk(ui) of w^. In particular, if A is of infinite 
index in F.^, then Lk(wi) consists of infinitely many vertices. Note that the equa- 
tion LQNp^ [A) — A \s equivalent to the condition that each orbit for the action 
A r\ Lk(ui) \ {V2} consists of infinitely many elements. One can say the same thing 
for the equation LQNp2(A) = A and the action A r\ Lk(u2) \ {vi}. 

We introduce an orientation on T as follows: For each 7 £ F, let 7F1, 7F2 G V{T) 
be the origin and terminal of the edge 7 A G E{T), respectively. Let Aut(r) be 
the group of simplicial automorphisms of T preserving this orientation. The group 
Aut(T) is then a subgroup of Aut*(T) with its index at most two, and it consists 
of automorphisms of T without inversions. 

The following lemma proves one of the requirement for coupling rigidity of F 
with respect to Aut*(T). 

Lemma 4.1. On Assumption (*), the Dirac measure on the neutral element is the 
only probability measure on Aut*(r) that is invariant under conjugation by each 
element of i(F). 

Proof. Let /i be a probability measure on Aut* (T) which is invariant under conjuga- 
tion by each element of i(F). For each -y, -u e V{T), we denote by Aut(u, u) the Borel 
subset of Aut*(T) consisting of all automorphisms / G Aut*(T) with f{v) = u and 
denote by F^, the stabilizer of v in F. The equations Aut*(T) — \_\^fzv{T) Aut(t;,u) 
and i{'y)Ant{v,u)i{j)^^ = Ant(v,ju) then hold for each w,?/ G V{T) and 7 G F^,. 
On Assumption (★), any orbit for the action F^ r\ V{T) other than {v} consists 
of infinitely many vertices since A is a subgroup of infinite index in both Fi and 
F2. Therefore, fi is supported on Aut(w,w) for each v G V{T), and this implies the 
lemma. □ 

The rest of this section is devoted to the proof of the following theorem. Com- 
bining Furman's representation theorem 13.51 we obtain the subsequent corollary, 
which is the first step to study discrete groups which are ME to F. 

Theorem 4.2. On Assumption (★), F is coupling rigid with respect to the pair 
(Aut*(T),z). 

Corollary 4.3. On Assumption let Y, be a coupling o/F and a discrete group 
A. Then there exist a homomorphism p: A Aut*(T) and an almost (F x A)- 
equivariant Borel map $ : S (Aut*(T), i, p). 

Theorem 14.21 is a direct consequence of the following Theorem 14.41 In the rest 
of this section, we fix the following notation: Let F = (Fi,F2 | Ai ~0 A2 ) be the 
amalgamated free product in Assumption (★) and denote by A the subgroup of F 
corresponding to Ax ~^ A2. Let A = (Ai,A2 \ Bi B2) he another amalga- 
mated free product defined by two pairs of groups Bi < Ai and B2 < A2 and an 
isomorphism x- Bi ^ B2 such that the two pairs of groups satisfy the two condi- 
tions in Assumption (★) when F.^ and Ai are replaced by A^ and Bi, respectively, 
for each i = 1,2. We denote by B the subgroup of A corresponding to Bi ~^ i?2. 
Let Tp and T\ be the Bass-Serre trees associated with the decompositions of F 
and A, respectively. There are natural homomorphisms i: F — > Aut*(Tr) and 
j: A ^ Aut*(rA). Suppose that both ken and kerj are finite. Let Isom(TA,rr) 
(resp. Isom(Tr,TA)) denote the set of simplicial isomorphisms from Ta onto Tr 
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(resp. from Tr onto T\) equipped with the standard Borel structure associated 
with the pointwise convergence topology. 

Theorem 4.4. In the above notation, let T, be a coupling of T and A. Then 
there exists an essentially unique, almost (F x K)-equivariant Borel map (f>: S — > 
Isom(rA7 7r), where the almost {T x A)-equivariance means that the following equa- 
tion holds: 

$((7,A)x) = z(7)$(.x):/(A)-\ V7er, VAeA, a.e.xeT.. 

Proof. Let us fix the notation. Choose fundamental domains X a T, for the action 
A r\ 1] and F C S for the action F r> E so that the intersection Z — X D Y 
satisfies the two equations T-Z = X,A-Z — Ynpto null sets (see Lemma TB.ip . 
Let a: F X X ^ A and (3: A xY T he the associated ME cocycles. We put 
Q = T K X and H — A x Y . Recall that the identity map on Z defines a groupoid 
isomorphism / : {g)z {Wjz (see Proposition |33). For each s e V{Tr) U E{Tr), 
let Fs denote the stabilizer of s in F and put Qs — T s x X . Define At and Ht 
for each t e V{T^) U E{Ta) in a similar way. The following proof is in part based 
on the author's argument in |19j . The main task is to investigate what kinds of 
subgroupoids of Q and "H correspond to each other via the isomorphism /. We first 
show that the theorem can be deduced from the following three lemmas. 

Lemma 4.5. For each v G V{Tr), one can find a countable Borel partition Z = 
Zn and Un G V{T\) satisfying the following equation: 

f{{Gv)zJ = {nuJz^, Vn. 

Lemma 4.6. Let us define a Borel map if : Z xV{Tr) — > V{T\) by putting ip{x, v) = 
Un if X e Zn in the notation of Lemma \^.5\ Then the map (f{x, ■) : V(Tr) V{Tf^) 
defines a simplicial isomorphism from Tr onto T\ for a.e. x G Z . We denote the 
isomorphism (p{x, •) by ifiix). 

Lemma 4.7. The map ip: X Isoni(rr,TA) constructed in Lemma \4-S\ satisfies 
the equation 

ip{j ■ x)i{'y)(p{xy^ =jo a{'y, x) 
for any 7 G F and a.e. x ^ Z with 7 • x G Z . 

Assuming these three lemmas, we prove the theorem. Note that S is identified 
with the space A" x A as a measure space on which F x A acts, where the action 
FxAr\A"xAis defined by the formula 

(7, A)(x, A') = (7 • X, a(7, x)A'A-i), 7 G F, A, A' G A, x G X 

We first define a Borel map $ from the subset X x {e} of S = X x A into 
Isom(TA,rr), which will be extended to a map defined on the whole space S so 
that it is almost (F x A)-equivariant. For each x G X, we put $(x, e) — ip(x)^^ . 
Choose 71, 72 G F, Ai, A2 G A and xi,X2 G Z (c X) such that 71 • xi, 72 • X2 G Z 
and the equation 

(71, Ai)(xi,e) = (72, A2)(x2,e) 

holds in E. To extend $ to a map defined on the whole space S, it is enough 
to check that «(7i)(/3(xi)^^j(Ai)~^ = z(72)<p(x2)~^j(A2)~^. The above equation is 
equivalent to the equation 

(71 • xi,a(7i,xi)Aj;^) = (72 • X2,a(72,a;2)A2"^). 
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It then follows that 

i(7i)(^(a;i)"^j(Ai)"^ = «(7i)z(7i)" V(7i ' a^O^^J o "(71, a;i)j(Ai)"^ 

= </?(72 • X2y^J o a{'y2,X2)j{X2y^ 

= «(72)«(72)"V(72 • X2y^j o a(72,a;2)j(A2)"^ 

= «(72)'^(a;2)"^j(A2)"\ 

and this equation implies that one can define an almost (F x A)-equivariant Borel 
map S ^ Isom(TA,rr). 

If $1 and $2 are almost (F x A)-equivariant Borel maps from S into Isom(TA, Tr) , 
then the map $0 : ^ ^ Aut*(Tr) defined by the formula ^o{x) = ^i{x)^2{x)~^ 
for X G T, satisfies the equation 

$0(72;) = i(7)$o(2;)«(7)~\ *o(Ax) = <S>o{x) 

for any 7 S F, A e A and a.e. a; G S. Therefore, $0 induces an almost F-equivariant 
Borel map from E/A into Aut*(Tr), where the action of F on Aut*(Tr) is given by 
conjugation through i. By Lemma 14.11 'I'o is the essentially constant map whose 
value is the neutral element. Thus, $1 and $2 are essentially equal. □ 

Proof of Lemma \4.5\ Let us first prove the following: 

Claim 4.8. If v,v' G V{Tr) are distinct vertices, then the inclusion {Qv)w C 
{Gv')w cannot occur for any Borel subset W C Z of positive measure. 

Proof. Assume that the inclusion occurs. We may assume that v and v' are adjacent 
to each other. We denote by e G E{T) the edge connecting v and v' , and denote by 
Fe the stabilizer of e in F. Let p: Q ^ T he the cocycle defined by p(7,x) — 7 for 
7 G F and x G X. It follows from the inclusion {Gv)w C {Gv')w that ^(7, a;) G Fe 
for a.e. (7,2;) G {Gv)w- By Lemma 12.31 one can construct a p-invariant Borel map 
ip : T ^ ■ W Lk{v) for such that ip{x) — v' for a.e. x G W, where Lk(-y) is the 
link of V. Note that the action F^, r\ Lk(t;) is transitive and that Lk(w) consists of 
infinitely many elements. On the other hand, there is a finite invariant measure on 
Ty ■ W . This is a contradiction. □ 

Take v G V{T-c). By Theorem 12. 2[ there exists an a-invariant Borel map from 
X into S{Ta) for Qy because F^, is a conjugate of either Fi or r2 and thus satisfies 
the property (T). Since A acts on Tjy without inversions, one can easily construct 
an a-invariant Borel map ify: X ~> V(T\) for Qy. 

For each v G V{Tr), let Z = \_\^^ Z„ be a countable Borel partition such that (fiy 
is essentially constant on Z„ for each n, and let u„ G V{T\) be the value of ify on 
Zn- The ck-invariance of implies that the inclusion f{{Gv)z„) (^ti„)z„ holds 
for each n. Applying the same argument for /"^ in place of / and applying Claim 
14. 8| we see that the equation f{{Gy)z,^) — {'Hu„)z„ holds for each n after taking a 
finer countable Borel partition Z = IJ^^ Z„. □ 

Proof of Lemma \4.6] It is easy to see that the map ip{x, •) defines a bijection from 
V{Ty) onto V{Ta) for a.e. x € Z. To prove that (p{x, •) defines a simplicial isomor- 
phism from Tr into T\, we first show the following: 

Claim 4.9. Let vi,V2 G V{Tr) be distinct and adjacent vertices and let e G E{T) 
he the edge connecting them. Let p: — > F be the cocycle defined by pi^jx) = 7 for 
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7 G r and x G X. Then any p-invariant Borel map W V{Tr) for Qe defined 
on any Borel subset W <Z Z of positive measure is valued in the set {wi,W2}. 

Proof. If there were a Borel subset W dW oi positive measure on which -0 takes 
the value v G V{Ty) different from vi and U2, then one can construct a p-invariant 
Borel map V^' : • VF' T^v for g^. It follows from LQNp^ [A) = A for each i = 1, 2 
that FgU consists of infinitely many elements. This is a contradiction. □ 

Let vi,V2 G V{Tr) be distinct and adjacent vertices, and let e G E{T) be the 
edge connecting them. Suppose that there exists a Borel subset W C Z such that 
(p{x, vi) = ui and (p{x, V2) — U2 for a.e. x G W and that ui and U2 are not adjacent 
to each other. We may assume f{{gvj^)w) = {Gui)w and f{{Qv2)w) = (^ua)^'- 
Choose a vertex u G V{T\) in the geodesic between ui and U2 which are different 
from either of ui and U2- Taking a smaller Borel subset of positive measure than 
W, we may assume that the map W 5 x ip{x, ■)~^{u) G V{Tr) is constant on W 
with its value v G V{Ty) and may assume f{{Qv)w) = The inclusion 

f{{Qe)w) = /((S-uJw n {Qv2)w) = {'Hm)w n (Htijw C {'Hu)w 

then holds, and this implies {Qe)w C (^t,)vy- This contradicts Claim l49l because 
V ^ 'yi,W2- Hence, 1^9(0;, wi) and ip{x,V2) are adjacent for a.e. x € Z. □ 

Proof of Lemma \4- ?[ Let t; G y(rr). It is enough to prove the equation 

{(fii'j ■ x)i{j)){v) — {jo q:(7, x)(p{x)){v), a.e. x 

for 7 G r and a Borel subset W C Z oi positive measure such that 

• -/-W CZ; 

• the map x 1— {(f{x)){v) G V{Ta_) is constant on W with its value ui; 

• the map x 1-^ (<^(7 ■ x)i{'j)){v) G l^(rA) is constant on IF with its value 
U2; 

• the equations f{{gv)w) = ("^ttjvv, /((^7t;)7 VK) = (y-u2)'Y-w hold; and 

• the map x 1— q;(7, a;) G A is constant on W with its value A. 

For ((5, x) G {G-yv)'y-w, apply ce to the equation 

{S,x) = (7, (7~^'5) • a;)(7"M7,7~^ • x)(7~\a;). 

By assumption, the equations 

a(7, (7""'" (5) • a:) = A, Q!(7~^,x) = Q!(7,7~"'" • x)^^ = 

hold. Since {j~^Sj,j~^ ■ x) G {Gv)w, the inclusion (H„2)7 VK C {'H\ui)-fW holds, 
and thus U2 — Xui by Claim l4!8l This proves the desired equation. □ 

5. Couplings with unknown groups 

Let r = Fi r2 be the amalgamated free product in Assumption (*), and let 
i: F — > Aut*(r) be the natural homomorphism associated with the action of F on 
the Bass-Serre tree T. If S is a coupling of F and a discrete group A, then there 
exist a homomorphism p: A — > Aut*(r) and an almost (F x A)-equivariant Borel 
map $: E ^ (Aut*(T), i, p) by CoroUarv 14.31 This section studies the structure of 
A by using the maps p and relied on the Bass-Serre theory. 

To apply this theory to the action of A on T via p, each element of A should act 
on T without inversions. Section 15.11 explains how this difficulty can be avoided. 
Section 15.21 is devoted to fundamental observations about small couplings inside E 
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each of which is associated with a simplex of T and is a couphng of the stabihzers 
of that simplex in F and A. One can obtain information on the action of A on T 
through these small couplings. As a consequence, Theorem 11.21 is proved. Section 
15.31 is preliminaries for studying the case where Fi and F2 are rigid in the sense of 
measure equivalence. In particular, if they are lattices in higher rank simple Lie 
groups, then the observation there is a crucial step for the proof of superrigidity 
results stated in Theorems 11.31 and 11.41 Section 15.41 presents sufficient conditions 
for the action of A on T to be locally cofinite and to be cocompact when Fi and F2 
are coupling rigid with respect to some standard Borel groups. These conditions 
are formulated in terms of those standard Borel groups and the image of Fi and 
r2 in them. 

5.1. Reduction from Aut*(r) to Aut(T). Let F = Fi *a^2 be the amalgamated 
free product in Assumption (★), and let F — >■ Aut*(T) be the natural homomor- 
phism associated with the action of F on the Bass-Serre tree T. Recall that the 
subgroup Aut(T) consisting of orientation-preserving automorphisms is of index two 
in Aut*(T) and that the image z(F) is contained in Aut(T). Let (E, m) be a coupling 
of F and a discrete group A. One can then find a homomorphism p: A — ^ Aut*(T) 
and an almost (F x A)-equivariant Borel map $:!]—!> (Aut*(T), i, p) by Corollary 

We may assume that the Borel subset 'i>~^(Aut(T)) of E has positive measure 
by replacing p and $ as follows: If the measure of (Aut(T)) is zero, then choose 
/ G Aut*(T) \ Aut(T) and define a homomorphism pf. A — > Aut*(T) and a Borel 
map $/ : E — Aut*(T) by the formulas 

for A G A and a; G E. It is clear that the map E — > (Aut*(T), i, p/) is almost 
(F X A)-equivariant and that the Borel subset $y ^(Aut(r)) has positive measure. 
On the assumption that $~^(Aut(r)) has positive measure, we set 

A+ = p-\p{A) n Aut(T)), E+ = $-i(Aut(T)). 

It is easy to see that [A : A+J < 2 and that E+ is a coupling of F and A+. More 
specifically, the action F x A r> E is induced from the action F x A+ r\ E+. It 
is therefore enough to study the latter action to know the structure of the original 
coupling E of F and A. Note that both p(A+) and $(E+) are contained in Aut(T) 
and that the map $: E+ — (Aut(T),i,p) is almost (F x A+)-equi variant. 

Since A+ acts on the tree T via p without inversions, we can apply the Bass- 
Serre theory to this action to know the structure of A+. The next subsection gives 
useful information on the stabilizers of simplices of T and the quotient graph for 
the action of A+ on T, which will be investigated in the following general setting. 

Assumption (o): We set the notation as follows: 

• Let F = Fi H<^ F2 be an amalgamated free product of discrete groups. 

• We denote by z: F Aut(T) the homomorphism associated with the 
action of F on the Bass-Serre tree T. 

• We orient T so that 7F1 G V{T) is the origin of the edge G E{T) for 
each 7 G F. Let Aut(T) denote the group of simplicial automorphisms of 
T preserving this orientation. 

Suppose that we are given 



RIGIDITY OF AMALGAMATED FREE PRODUCTS 



19 



• a coupling (S, m) of T and a discrete group A; 

• a homomorphism p: A — > Aut(r); and 

• an almost (F x A)-cquivariant Borel map E — )■ (Aut(T), i, p). 

5.2. Small couplings. On Assumption (o), for each simplex s € V(T) U E{T) of 
the tree T, we put 

Stab(s) = {ipG Aut(r) I ip{s) = s}, 
which is a Borel subgroup of Aut(T), and put 

E, = $"\Stab(s)), 

r, = 7r^(i(r) n stab(.s)). a, = p"^(p(A) n stab(.s)). 

It is clear that E^ is a (F,, x As)-iiivariant Borel subset of E. The first important 
observation of this subsection is that E^ is a coupling of F^ and A^. Since F,, is a 
conjugate of one of the subgroups Fi, F2 and A of F, this fact gives us valuable 
information about the stabilizer A,,. In the course of the proof of that fact, we 
present several basic properties of these small couplings. For each i = 1,2, let us 
denote by V^{T) the subset F/F, of V{T) = F/Fi U F/Fa. 

Lemma 5.1. On Assumption (o), let S be one of Vi{T), V2{T) and E{T), and 
pick s, s' e S. We put 

Aut(s,s') = { / G Aut(r) I /(s) = /}, = $-i(Aut(s,s')). 

Then m(Sj') > 0. In particular, rn(Es) > 0. 

Proof. Since the action T r\ S in transitive and z(7)Aut(s, s') = Aut(s,7s') for 
each 7 € r, the equation Aut(T) = IJ^^p z(7)Aut(s, s') holds. This proves the 
lemma. □ 

Lemma 5.2. On Assumption (o), for each s G V{T) U E{T), the following three 
assertions hold: 

(i) If Y (Z T,s is a fundamental domain for the action F., rv E., . then Y is 
also a fundamental domain for the action F r> E. In particular, ni{Y) is 
finite. 

(ii) If X d 'Eg is a fundamental domain for the action A,, o^ Eg, then X is 
contained in a fundamental domain for the action A r\ T,. In particular, 
m{X) is finite. 

(iii) (Es,m|E3) is a coupling o/Fg and Ag. 

Proof. The assertion (iii) follows from the assertions (i) and (ii), which are proved 
as follows. If 7 G F satisfies m{jYAY) > 0, then there exist two points x,y G Y 
such that 7a; = y, ^{x) G Stab(s) and i{-f)^{x) = $(y) G Stab(s). Thus, 7 G Fg. 
This implies that 7 is the identity because F is a fundamental domain for the 
action F^ r\ Tig. The equation FY = E follows from the equation Aut(T) = 
U^gr<7)Stab(s). 

In the same way, one can show that if A G A satisfies m{XX AX) > 0, then 
A is the identity. Hence, X is contained in a fundamental domain for the action 
A rv E. □ 

Lemma 5.3. On Assumption (o), let S be one ofVi{T), V2{T) and E{T), and 

pick s € S. Then the action p{A) nv S is transitive if and only if there exists a 
fundamental domain for the action A r> E contained in Eg . This is the case if the 
action Fg rv S/A is ergodic. 
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Proof. Suppose that the action p(A) ^ S* is transitive. It is then clear that the 
equation Aut(r) = IJ^^^ Stab(s)p(A)^^ holds. One can then show that any fun- 
damental domain for the action r\ Eg is in fact a fundamental domain for the 
action A ^ E. This implies that there exists a fundamental domain for the action 
A rv S contained in E^. 

Conversely, if one can find a fundamental domain for the action A E contained 
in Es, then for each s' e S, it follows from Lemma [01 that there exists A G A such 
that m(AEs n E^ ) > 0. This implies p(A)(s) = s'. 

Suppose that the action Tg r\T^/A is ergodic, and let X C E be a fundamental 
domain for the action A o^ E which contains a fundamental domain Xi for the 
action Ag r\ 'Sg- Note that Xi ~ X n T^s, and put X2 — X \ Xi. We claim that 
m((rs X A)AriAAr2) = 0. Otherwise, there would exist 7 G Fs and A G A such that 
m((7, A)A:iAA:2) > 0. It follows from 7X1 C E^ that m{XT,sAX2) > 0. This is a 
contradiction because m(AXiAAAr2) = and AgXi — E^. The claim implies 

m((r, X A)XiA(r, X A}X2) = 0. 

This shows that both Xi and X2 are invariant under the action Tg r\T,/A when 
X is identified with E/A. If the action Tg r\ E/A is ergodic, then m(A"2) = since 
m{Xi) > 0. Therefore, X — Xi is contained in Eg. □ 

It is clear that if the action A rv E/A is ergodic, then so is the action Tg rv E/A 
for any s e 5 and any S G {Vi{T),V2{T), E{T)}. In this case, for any e G E{T), 
a fundamental domain for the action Ag r\ Ee is in fact a fundamental domain for 
either of the actions A ^ E and A^, r\ E^, for any v G V{T) with v G de, where de 
denotes the boundary of the edge e. There always exists a fundamental domain for 
the action F rv E contained in Eg for any e G E(T) by Lemma [5T2l fi). which is also 
a fundamental domain for the action r^, rv E^, for any v G V{T) with v G de. We 
therefore obtain the following description of the structure of A via the Bass-Serre 
theory. 

Corollary 5.4. On Assumption (o), let Vi G Vi{T), e G E{T) he the simplices of 
T corresponding to the cosets containing the neutral element, and put Ai — Ay. for 
i = 1,2 and B = A,,. If the action A r\Yj/ A is ergodic, then A is isomorphic to 
the amalgamated free product Ai *s A2 with Ti ^me Ai for i = 1, 2 and A ^me B. 
Moreover, their couplings have the same coupling constant. 

The following corollary is a direct consequence of Corollaries 14. 3[ [5^ and the ar- 
gument in Section [Ql This proves the assertion (ii) of Theorem 1 1.2 1 The assertion 
(i) of the theorem follows from Lemma 15.21 

Corollary 5.5. On Assumption (★), suppose that we have a coupling E of the 
amalgamated free product F = Fi F2 and a discrete group A such that the action 
A r\Ti/A is ergodic. Then there exists a subgroup A"*" of A with its index at most 
two such that A+ is decomposed as an amalgamated free product Ai *b A2, where 
Fi ^AiE Ai for i ~ 1,2 and A ^me B hold, and their couplings have the same 
coupling constant. 

5.3. Quotients of couplings with countable images. The following lemma 
is a brief observation on equivariant quotient maps of couplings with their images 
countable, which will be applied many times in what follows. We say that a positive 
measure on a standard Borel space il is atomic if there is a countable subset of VL 
whose complement has measure zero. 
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Lemma 5.6. Let (S, m) be a coupling of discrete groups T and A. Suppose that 
we have an almost (F x K)-equivariant Borel map (G,7r,p) such that the 

measure $»m on G is atomic, where G is a standard Borel group, and tt: F — > G and 
p: A ^ G are homomorphisms with kervr finite. Choose g G G with $,TO({g}) > 0, 
and define a homomorphism pg : A ^ G and a Borel map Y, G by 

for A G A and x E T,. Then the following assertions hold: 

(i) The map $g : E — > (G,7r, pg) is almost (F x A)-equivariant. 

(ii) The support of the measure ($g)*m on G contains the neutral element of 
G and is contained in Coinni<5(7r(F)). 

(iii) kerp = kerpg is finite, and 7r(F) and Pg{A) are commensurable in G, that 
is, the subgroup 7r(F) n Pg{A) is of finite index in both 7r(F) and pg{A). 

Proof. Put M = ($g)»m. The assertion (i) and the positivity of M({e}) are clear. 
Let S' C G be the subset consistmg of all elements h G G with M{{h}) > 0. It 
follows from the finiteness of kerTr that < M{{s}) < oo for any s G S and that 
kerp is finite. For each s G S, the subset Gs — 7r(F)spg(A) is invariant for the action 
F X A r> {G,TT,pg), which defines a coupling of 7r(F) and Pg{A). Since the action 
7r(F) r\ Gs/pgiA) defined by left multiplication admits a finite invariant measure, 
the stabilizer 7r(F) r\spg{A)s~^ of s for the action is a finite index subgroup of 7r(F). 
Similarly, one can prove that Pg{A) n s~^7r(F)s is a finite index subgroup of Pg{A). 
Therefore, 7r(F) and spg{A)s~^ are commensurable in G. Since S contains the 
neutral element of G, 7r(F) and Pg{A) are commensurable in G, and S is contained 
in CommG(7r(F)). □ 

We shall recall the following fundamental fact on couplings of lattices in higher 
rank simple Lie groups. The assertion (i) follows from Lemma 6.1 in !9^ and Zim- 
mer's argument in 01] (see §7 in |9! for details). The assertion (ii) is proved in 
Lemma 4.6 of jl]. 

Theorem 5.7. Let T be a lattice in a non-compact connected simple Lie group G 
with its center finite and its real rank at least two, and let (S, m) he a coupling o/F 
and a discrete group A. Suppose that we have a homomorphism p: A — )■ Aut(AdG) 
and an almost (F x A)-equivariant Borel map $ : E — (Aut(AdG), tt, p), where it 
is the natural homomorphism from G into Aut(AdG). Then 

(i) kerp is finite, and p{A) is a lattice in Aut(AdG). 

(ii) the measure on Aut(AdG) is a linear combination of the Haar mea- 
sure on cosets of AdG in Aut(AdG) and atomic measures. If the action 
r X A r\ (E,m) is ergodic, then $,m is either the Haar measure on some 
cosets of AdG in Ant (AdG) or atomic. 

On Assumption (o), fix w G V{T) and suppose that F^ is isomorphic to a lattice 
in the Lie group G in Theorem 15.71 The rest of this subsection investigates the 
quotient map $i, from the small coupling (E„,m|E„) of F„ and A„ into Aut(AdG) 
obtained by Theorems 13.51 and 13.121 We will prove that the measure (3't,)*(m|x;„) 
is atomic as an application of the general fact in Theorem 15.71 and of Moore's 
celebrated theorem on unitary representations of Lie groups |23| . This leads to 
superrigidity of amalgamated free products of higher rank lattices, which is not 
satisfied by higher rank lattices themselves. 
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Moore's theorem is applied in the proof of the fohowing proposition, where "ir- 
reducibility" of an ME cocyclc associated with the standard couphng AdG of two 
lattices in AdG is established. Since the coupling contains the smaller coupling 
Se, where e G E{T) is an edge with v G de, the ME cocycle associated with the 
coupling is "reducible". Hence, the measure ($t;)*(m|i;^) cannot be the Haar 
measure. This idea will be demonstrated precisely in the subsequent corollary. 

Proposition 5.8. Let G be a non-corn.pact connected simple Lie group with its 
center finite, and let T and A be lattices in G. Suppose that we are given 

• a coupling (5],m) ofT and A; and 

• an almost (F x h)-equivariant Borel map S — >• (AdG, tt, tt) with $*m 
the Haar measure on AdG, 

where it is the natural homomorphism from G into AdG. Let X c T, be a funda- 
mental domain for the action A rv S, and let a: T x X ^ A be the associated ME 
cocycle. 

Then for any infinite subgroup A of T, any infinite index subgroup B of A and 
any Borel subset Z of X with positive measure, it is impossible that the inclusion 
a{{A K X)z) C B holds up to null sets. 

Proof. We may assume that the center of G is trivial and may identify G and AdG. 
Suppose that there are A, B and Z as in the statement, satisfying the inclusion 
Q.{{A K X)z) C B. We first prove that one may assume that Z is A-invariant by 
replacing X appropriately. Take a countable Borel partition A - Z = ZVA |J„gj^ Zn 
of the saturation A ■ Z such that 

• there exists a„ e A with Zn C an ■ Z for each n e N; and 

• the map a(a„, •) is constant on ■ Zn with the value A„ G A. 

We set Zo = Z , ao = e G A and Aq = e G A. Define a Borel map X ^ A by 



and define a Borel cocycle atpi F x X — > A by a,^(7, x) = (p{'y • x)a{j, x)ip(x)~^ for 
7 G r and x £ X. For each a G A and x £ A - Z, choose n, m G N U {0} such that 
X G Zn and a • x G Zm ■ We then have 



This shows the inclusion a^(A k {A ■ Z)) d B. Let us define the Borel subset 

X^ = { (p{x)x G E I a; G X } 

of S, which is a fundamental domain for the action A S. The associated ME 
cocycle a' : F x X^ — A satisfies the equation a' (7, ip{x)x) = a^{'y, x) for any 7 G F 
and a.e. x € X because we have 

(7, 0:^(7, x))lp{x)x = (7, ^(7 ■ x)a{-i, x))x = v?(7 • x)(7 • x) G X^ 

for any 7 G F and a.e. x G X. We may therefore assume that Z is A- invariant after 
replacing X by X^. 




if X G Zn and n G N U {0} 
e \ix G X\{A- Z), 



a^(a,x) = a^{am, [o-mo) ■ x)a^{an^ aam an^ ■ x)a^{an^ ,x) 

= (p{a ■ x)a{a„i, (a„"^a) • x)a{a^aan,a~^ ■ x)a{an^ , x)ip{x) 

= \n^ \mOl{an^ aOm CLn^ ■ x)Xn^ \n 

= a{a'^aam ■ x) £ B. 
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The map<i>: S — ^ (G, vr, tt) induces a F-equivariant Borel map $o : '^/B^G/B, 
where T acts on G/B by left multiplication. Let p: E — ?• Yi/B be the canonical 
projection, and choose a ftmdamental domain F for the action B r\ T, containing 
Z . We denote by mg and mi the restrictions of m to Z and F, respectively, and 
put Mq = (<i>o op)*mQ and Mi — ($o op)*mi- By assumption, AIi is the measure 
on G/B induced from the Haar measure on G. There exists an L^-function / on 
G/B with respect to Mi such that < f{x) < 1 for Mi-a.e. x S G/B and 



for any Borel subset S of G/B since mo(W) < mi{W) for any Borel subset W 
of E. The function / is also with respect to Mi because of its boundedness. 
Since p*mo is A-invariant, so is the non-zero vector / G L'^{G/B,Mi). On the 
other hand, Moore's theorem (see [23] or Theorem 2.2.19 in [3^) tells us that there 
exists no non-zero ^-invariant vector for any unitary representation of G without 
non-zero G-invariant vectors. This is a contradiction. □ 

Corollary 5.9. On Assumption (o), fix i — 1,2. Let us denote by Vi G ViiT) = 
T/Ti the vertex corresponding to the coset containing the neutral element, and put 
Hi = and Ai = Ay. . Suppose that 

• Ti is a lattice in a non-compact connected simple Lie group G with its 
center finite and its real rank at least two; and 

• A is an infinite and infinite index subgroup of Ti . 

Let Pi'. Ai — > Aut(AdG) be a homomorphism and : (Aut(AdG), tt, pi) an 

almost (Ti x Ai)-equivariant Borel map, where tt is the natural homomorphism from 
G into Aut(AdG). Then the measure {^i)*{m\^.) on Aut(AdG) is atomic. 

Proof. We first note that kerp^ is finite and pi{Ai) is a lattice in Aut(AdG) by 
Theorem 15.71 (i) . Let p: 'Si G be the ergodic decomposition for the action 
Ti X Ai r\ T,i. Put Y,i — p^^(c) for c € G and let m\^. = J^, m''d£,{c) be the 
disintegration with respect to the map p. Theorem 15.71 (ii) shows that for ^-a.e. 
c € C, the measure {^i)^,m'^ on Aut(AdG) is either atomic or equal to the Haar 
measure on some cosets of AdG in Aut(AdG). If the measure (<l'i)*m'^ is atomic 
for ^-a.e. c G G, then there exists g € Aut(AdG) such that 7r(ri) and gpi{Ai)g~^ 
are commensurable in Aut(AdG) by Lemma [5.61 It is then easy to see that any 
(Ti X Ai)-invariant atomic measure on (Aut(AdG), tt, Adg o p.j) is supported on 
CommAut(AdG)(''''(ri))- Therefore, to prove the corollary, it is enough to prove that 
the measure (<I>i)*m'^ is atomic for ^-a.e. c G G. 

Let e G E{T) = T/A be the edge corresponding to the neutral element and 
put Eg = Eg n E^ for c G G. Choose a fundamental domain X for the action 
Ai rv Ei such that X n Eg is a fundamental domain for the action Ag r> Eg. For 
^-a.e. c G G, the action F^ x A; r\ (E^,rn'^) defines a coupling and the ME cocycle 
a": Ti X (X n E^) — >■ A^ satisfies the inclusion a''{A x (A n E^)) C Ag because we 
have {A x Ae)(A n E^) = E^. Since A is an infinite index subgroup of F^, Ag is 
an infinite index subgroup of A^. By Proposition l5.8[ for ^-a.e. c G G, the measure 
(<&i)*r7i'^ is not equal to the Haar measure on some cosets of AdG in Aut(AdG). □ 

5.4. Finiteness properties for actions on trees. The aim of this subsection 
is to describe sufficient conditions for the action of A on the tree T to be locally 
cofinite and to be cocompact in the following setting. 
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Assumption (•): In the notation of Assumption (o), we suppose the fohowing 
conditions (a) and (b): 

(a) For each i = 1, 2, F,; is couphng rigid with respect to a pair {Gi,TTi), where 
Gi is a standard Borel group and tt^ : F^ — > Gi is a homomorphism with 
kerTTi finite such that the action iTiiTi) r\ Gi defined by left multiplication 
admits a Borel fundamental domain. 

For each v G V{T), we put 

= $-i(Stab(w)), 

F„ = i-\i{r) n Stab(u)), A„ = /9"^(/9(A) n Stab(w)). 

If V belongs to Vi (T) , then put G^ = Gi and let tt^ : F„ — )■ G„ be the homomor- 
phism defined by TTvij) — '^iilvUv^) for 7 G F^, where 7^ S F is chosen so that 
Iv^vlv^ = Tj. It then follows from Theorem 13 . 5 1 that there exist 

• a homomorphism p„ : A„ — >■ Gv with kerpy finite; and 

• an almost (F^, x A„)-equivariant Borel map : — > {Gy,TTy, py). 

We suppose that 

(b) the measure {^y)*{'m\^^) on Gy is atomic for each 1; e ^(2^)- 

The following lemma gives us information on the image <I>^(Ee) in Gy when v is 
an end point of an edge e of T. This helps us to understand relationship between 
TTyiTe) and p„(Ae). 

Lemma 5.10. On Assumption (•), choose v S V{T) and let e € E(T) be an edge 
with V € de. When s is either v or e, we denote by the support of the 

measure {^y)*{m\^^) on Gy. Suppose that ^y^Ey) contains the neutral element of 
Gy . Then 

(i) for any g G <I>t,(I]e), the following inclusion holds: 

$^(Se) C CommG„(7r„(Fe)).gnCommG„(7r„(F„)). 

(ii) if we are given i G {1,2} with v G Vi{T) and if Ai is proper in Fj and 
satisfies the equation LQNp.(^i) = Ai, then for any g G ^^(Ee), the 
following inclusion holds up to null sets: 

<i>-i(LQNGj7r,(Fe)).g) CSe 

(iii) on the assumption in the assertion (ii), kerp^ is contained in Ag. 
Proof. The assertion (i) follows from Lemma \UM We put 

f^. = 7r„(Fs), As = p„(As) 

for s G {v, e}. By the same lemma, to prove the assertion (ii), it is enough to show 
the inclusion <I>~^(LQNq^ (Fg)) C Eg assuming that <I>i,(Ee) contains the neutral 
element of Gy . 

Choose h G LQNg^(re)n$„(S„). Since kerTTt, is finite, the measure of ^y^{{h}) 
is finite. It follows from h G LQNG^(re) that the index [Fg : Fg D hreh~^] is 
finite, and thus Fg is virtually contained in hTeh~^. Since $i,(Se) contains the 
neutral element of Gy, Fg and Ag are commensurable in Gy. Some finite index 
subgroup A of FgnAe is thus contained in h{Te<^Ae)h~^ . The finite index subgroup 
A = 7rj7^(A) n Fg of Fg then satisfies the following: For each 7 G A, one can find 
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G Ae such that Pv{^i) — h ^■7Tv{j)h. It follows that for each 7 e A and a.e. 
X e ^y^{{h}), the equation 

holds, and this implies the equation (7, A^)$^"'^({/i}) = ^v^{{h}) up to null sets 
for any 7 G A. 

Let uq G V{T) be the vertex with de — {v,uo}. For each u G Lk(w), we put 

= <i>-\{h}) n $-!({ / G Aut(r) I f{v) = /K) = u}). 

It then follows that (7, A^)£'„ — E^u for each 7 G A and each u G Lk{v). Pick 
It G Lk(w) distinct from mq. Note that the orbit for the action A r\ Lk{v) containing 
u consists of infinitely many elements as LQNp (Fe) — Fg. It is clear that E-y^ C 
^~^{{h}) for each 7 G A and that m(£'„j AiJ^j) — for any distinct ui,U2 G Lk(?;). 
Since the measure of ^^^{{h}) is finite and m{E^y) — fn{Eu) for any 7 G A, the 
measure of Eu must be zero. Therefore, coincides with E^^ up to null 

sets, and thus C Se- This proves the assertion (ii). The assertion (iii) 

directly follows from the assertion (ii). □ 

As indicated in Lemma [Ol for each S G {Vi{T),V2{T),E{T)}, there is a close 
connection between the action K r\ S via p and fundamental domains for the action 
As r\ Es with s G S. For each v G V{T), the coupling constant for the coupling 
Et, of Ty and A^, is related to the size of subgroups of Gy which are commensurable 
with 7r„(F„). The following Condition (V) restricts the size of such subgroups of 
Gy. Other conditions introduced below are also related to the coupling constants 
for some small couplings inside E. When Ai and A2 are subgroups of a group, we 
write Ai x A2 if the intersection Ai n A2 is a finite index subgroup of both Ai 
and A2. 

Notation 5.11. Let F be a discrete group and A a subgroup of F. Suppose that 
we are given the pair (G,7r) of a standard Borel group G and a homomorphism 
tt: F — i> G with kervr finite. Let us consider Condition (V) for the pair (F, (G, tt)) 
and Conditions (E), (F) for the triplet (F, A, (G,7r)) given as follows: 

(V): There exists a positive number c such that for any subgroup A of G 
with A X 7r(F), the following inequality holds: 

[A : 7r(F) n A] 
[7r(F) : 7r(F) n A] " 

(E) : There exists a positive number d such that for any subgroup A of G with 
A >; 7r(F) and for any subgroup Aq of A with Aq >; 7r(^), the following 
inequality holds: 

[Aq : tt{A) n Aq] 
[7r{A) : 7r{A) n Aq] " ' 

(F) : For any subgroup A of G with A >; 7r(F) and any subgroup Aq of A 
with Aq X w{A), there exists no non-trivial finite normal subgroup of Aq. 

Notation 5.12. On Assumption (•), for each i — 1,2, we say that Condition (V)i is 
satisfied if Condition (V) is satisfied for the pair (Fi, {Gi,TTi)). For each i = 1,2 and 
each S G {E, F}, we say that Condition {5)i is satisfied if Condition (S) is satisfied 
for the triplet (Fi, Ai, {Gi,ni)). We introduce Condition (B) for A as follows: 
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(B): There exists a positive number C such that the cardinahty of any finite 
subgroup of A is at most C. 

The following proposition gives sufficient conditions for the action K r\T to have 
finiteness properties. Examples satisfying Conditions (V) and (E) are constructed 
in Section [TO 

Proposition 5.13. On Assumption (•), the following assertions hold: 

(i) Fix i — 1,2. If Condition (E)^ is satisfied, then the number of orbits for 
the action of Ay on the link Lk(u) of v is finite for any v € Vi{T). 

(ii) Fix i = 1,2. If Conditions and (B) are satisfied, then the number of 
orbits for the action A r\ VilT) is finite. 

(iii) // all of Conditions (V)i, (V)2, (E)i, (E)2 and (B) are satisfied, then the 
action A r\T is cocompact. 

(iv) If Ai is proper in Ti and satisfies the equation LQNp.(Ai) = Ai for each 
i = 1,2, then one can replace Condition (B) in both assertions (ii) and 
(iii) by the condition that both Conditions (F)i and (F)2 are satisfied. 

Proof. Fix i — 1,2 and let v G Vi{T). We define L — {m, U2, u^, . . .} as a set of 
representatives chosen from each orbit of the action A„ r\ Lk{v). Choose 7^- G 
so that 7jUi = Uj for each j. For three vertices wi,W2,W3 G V{T), we denote by 
Aut{wi;w2,W3) the Borel subset of Aut(T) consisting of all / G Aut(T) such that 
/(wi) = wi and f{w2) = W3. It then follows that 

L 

Stab(w) = I I Aut{v;u,ui)p{Ay) = | | i^^j)"^ Ant{v;uj,Uj)p{Ay) 

u£L j=l 

= U <7j-)"'Stab(e,XA,), 
where Cj G E(T) is the edge connecting v and Uj. The equality 

L 

^ X Ay)^,^ 

i=i 

thus holds up to null sets. If Xj C Se^ is a fundamental domain for the action 
Agj r\- Tiej , then the union 

L 

X^\_\ iJ^Xj C Y.y 

J=l 

is a fundamental domain for the action A^, r\ Yiy. If Yj C Se^ is a fundamental 
domain for the action Fe r\ Yi^., then Yj is also a fundamental domain for the 
action F r> E (see Lemma [521 (i))- The value m{Yj) is hence independent of j. We 
will estimate the value m{Xj) /m{Yj) from below by using Condition (E)^ and will 
prove that is finite. 

Let 'Ky: Ty — >■ Gy and py : Ay — >■ Gy be the homomorphisms with their kernels 
finite, and let {Gy, iTy, py) be the almost (Ft, x A,; )-equi variant Borel map 

in Assumption (•). By replacing py and <^y as in Lemma l5.6[ we may assume that 
the support of the measure {^y)*{rn\Y.„), denoted by ^^(Et,), contains the neutral 
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element of Gv It then follows from the same lemma that t:v(J^v) ~ T^iiJ^i) and 
/9i,(Ai,) are commensurable m Gv and that <^^{Y,^) is contained in Commc^ {■Ki{Ti)). 

Note that $^,(£1,) is a {Ty x A„)-invariant subset of (Gt,, 7r„, For each orbit 
O for the action r„ x A^, ^ ^^(Si,), we put So = $~^(0). Choosing g e O, we 
see that 

m(A:j n So) _ [7r^(reJ : TT^FeJ ngpt,(AeJg-^] | ker tt^ n Te, | 
m(Y, nSo) ^ [gpi,(Aej5~i : 7r^,(reJ n gp„(AeJg-i] |kerp„nAeJ 
> (dil ker/9„|)~\ 

where is the constant in Condition (E)^. For each j, we then have 

m{Xj) ^^m{Xj r\Y.o) > kerp^D^^ ^ m(Y,- n So) = {d,\ kei pv\y^m{Yj), 
o o 

where the sum is taken over all orbits O for the action F^ x A^ rv $^(S^). This 
inequality implies that 

\L\ \L\ 

m{X) =^m(A:j) > (dj|kerp„|)"^ ^m(y,) = kerp„|)"Vi(Yi)|Ll. 

Since to(A") is finite, \L\ must be finite. This proves the assertion (i). 

We next prove the assertion (ii). Let K = {wi,u'2,u'3, . . .} be a set of repre- 
sentatives chosen from each orbit for the action A rv Vi{T). Choose jj e F with 
7jU'i — Wj for each j. As in the proof of the assertion (i), we obtain the equalities 

\K\ \K\ 

Aut(r) - y z(7,)-iStab(u;,)p(A) and E - U^^^^'^ ^ ^)^-.- 

Let Xj C be a fundamental domain for the action A^,^. r\ E^,^. , and let Yj C Eu,^ 
be a fundamental domain for the action F^^ r\ E^,^. . By Lemma 15.21 (i) , the value 
m(lj) is independent of j. By using Condition (V)^, one can prove the inequality 

m{Xj) > {ci\kei p^^\y^m{Yj) 

for each j, where Ci denotes the constant in Condition (V)^. We then have 

\K\ \K\ 

m(X) =^m(X,) >crim(yi)^|kerp,„J-i > {c,G)-'m{Yi)\K\, 

where the second inequality follows from Condition (B). Thus, \K\ must be finite. 

The assertion (iii) follows from the assertions (i) and (ii). We prove the assertion 
(iv) . In the proof of the assertion (ii) , we obtain the inequality 

A' 

m{X) > c-im(yi) ^ I kerp^J-i 

without Condition (B). Assume \K\ to be infinite. Since m(X) is finite, the sum in 
the right hand side must be convergent and there exists an edge e G E{T) satisfying 
kerp„| < |kerpi,|, where u,w G y{T) are the vertices with 9e — {m, u}. Since kerpt, 
is contained in Ag and in A„ by Lemma 15.101 (iii). p„(kerpi,) is a non-trivial finite 
normal subgroup of /9„(Ae). This contradicts either Condition (F)i or (F)2. □ 
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6. Orbit equivalence rigidity 

An ergodic f.f.m.p. action F r\ {X, fi) of a discrete group F is said to be superrigid 
if any ergodic f.f.m.p. action A r\ (Y, v) of a discrete group A which is (W)OE to 
it is (virtually) conjugate to it. In particular, F and A are (virtually) isomorphic 
if this is the case. This section provides sufficient conditions for an ergodic f.f.m.p. 
action F r\ (A, \x) to be superrigid when F is given as an amalgamated free product 
Fi ^A^i such that Fi and F2 are coupling rigid. These conditions involve ergodicity 
of the actions of finite index subgroups of Fi, F2 and A. Let us collect below the 
assumption on F — Fi *yi F2 for which orbit equivalence rigidity will be proved. 

Assumption (|): Let Fi and F2 be discrete groups and Ai a subgroup of F^ for 
i = 1,2. Let A\ — J> A2 be an isomorphism and set F — (Fi,F2 | A\ ~0 Ai). 
We denote by A the subgroup of F corresponding to Ax ~0 A^. Let T be the 
Bass-Serre tree associated with the decomposition of F and i: F — i> Aut*(r) the 
homomorphism arising from the action T r\T . We assume that for each i = 1, 2, 

(a) \A,\ = 00, [F, : Ai]= 00 and LQNr^(A,) = A,; 

(b) Ti is coupling rigid with respect to the pair (Gi^ni) of a standard Borel 
group Gi and a homomorphism tt^ : F^ — > Gi with ker tt^ trivial; 

(c) either Gi is countable or F^ is a lattice in a non-compact connected simple 
Lie group G^ with its center trivial and its real rank at least two, Gi is 
equal to Aut(G^), and tt^ is the inclusion into Gi; and 

(d) ken is finite, and F is coupling rigid with respect to Aut*(T). 

Remark 6.1. The group F in Assumption (★) satisfies the conditions (a) and (d) in 
Assumption (f). 

The condition (b) in Assumption (|) implies that F^ has no non-trivial finite 
normal subgroup, and thus i is injective. 

The following theorem proves superrigidity of some actions of F in Assumption 
(t) in terms of couplings. The subsequent corollary states the result in terms of 
orbit equivalence, and it implies Theorem ll.3l 

Theorem 6.2. On Assumption (f), let (S,™) be a coupling of T and a discrete 
group A, and choose fundamental domains X,Y d for the actions of A and F on 
S, respectively. Suppose that the two associated actions T r\ X and A r\Y satisfy 
the following two conditions: 

(1) to(A) > m(Y); and 

(2) Either the action A r\ X is aperiodic or both of the actions Ti r\ X and 
F2 ^ A are aperiodic, the action A X is ergodic, and A is ICC. 

Then m{X) — m{Y), and there exist an isomorphism pq: A T and an almost 
(F X A)-equivariant Borel map $0 • ^ ~^ (r, id, po)- 

Proof. Theorem 13.51 shows that there exist a homomorphism p: A — ?> Aut*(r) and 
an almost (F x A)-equivariant Borel map $: E ^> (Aut*(T), z, p). As discussed in 
Section [5Tl we may assume that the measure of $~^(Aut(T)) is positive. We put 

E+ = $"i(Aut(T)), A+ = p-i(p(A) n Aut(T)). 

It then follows that AS+ — S and that 1]+ is a coupling of F and A+. Let X C 
S_|_ be a fundamental domain for the action A+ r\ E+. Note that X is also a 
fundamental domain for the action A r^. E. Let Y^ C E+ be a fundamental 
domain for the action F r\ E+. If [A : A+] = 2, then choose A G A \ A+ and put 
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y = y+ U Ay+, which is a fundamental domain for the action F ^ S. If A = A+, 
then E = S+, and put Y = Y-^-. (We will prove later that the equality A = A+ 
always holds.) 

We denote by the restriction of $ to which is an almost (F x A+)- 
equivariant Borel map into (Aut(T), i, p). Let Vi G Vi{T) — F/F^ be the vertex 
corresponding to the coset containing the neutral element for each i = 1,2, and let 
e e E{T) be the edge connecting vi and V2- We put 

= $;\Stab(w,)), Se = $+^(Stab(e)), A, = p"^(/9(A) n Stab^)) 

for each i ~ 1, 2. Recall that is a coupling of F^ and A^ by Lemma [5.21 Let us 
further put 

fi = 7rj(rj), Ai^TTi{Ai) 

for each i = 1,2. By Assumption (f), for each i, we can find a homomorphism 
Pi- Ai — > Gi with kerpi finite and an almost (F^ x Ai)-equivariant Borel map 
<i>i : Ei — > (Gi, TTi, Pi). It follows from CoroUarv 15 .91 that the support of the measure 
{^i)st(m\s-), denoted by $i(Si), is countable. By replacing pi and as in Lemma 
15.61 we may assume that for each i, the support of the measure {^i)*{Tn\s^), denoted 
by $i(I]e), contains the neutral element of Gi and that the inclusions, <I>i(Ei) C 
Commc- (Fi) and $i(Ee) C CommCi{Ai), hold. We prove the following two claims 
by using the conditions (1) and (2). 

Claim 6.3. The equations 

A = A+, Y^Y+, E==S+, m{X)^m{Y) 

hold (up to null sets). For each i — 1,2, the homomorphism pi: A.; — >■ Gi is 
an isomorphism onto its image and satisfies Pi{Ai) — F.; and Pi{Ae) — Ai. The 
equations $i(Ei) — Ti and $i(I]e) — Ai are further satisfied for each i ~ 1,2. 

Proof. Fix i = 1,2. Since the action F^ r\ E^/A^ is aperiodic, so is the action 
Ti rx $j(Ej)/p,(Ai). We thus have f, C p^{A^) and $»(£») = pi(A,) since <^>^{T,^) 
contains the neutral element of Gi . Note that by Lemma 15.31 we can choose a 
fundamental domain A" C E for the action A r\ E so that X C E^ because the 
action F^ r\ E/A ~ E+/A+ is ergodic. By Lemma [5?2] (i). we may assume y+ C E^. 
Hence, 

m{X)/m{Y+) - |ker7r,|/([p,(A,) : f,]|kerp,|). 

It follows from m{X) > m{Y) > m(y+) and | ker7r,;| = 1 that the equations pi{Ai) = 
Ti, m{X) = m{Y) — m{Y^) hold and that pi gives an isomorphism from A^ onto 
its image. Since $i(Ee) C Commp.(Ai) and LQNj=^.(Ai) — Ai — Commp.(Ai), the 
equation $i(Ee) = Ai follows, and thus pi(Ae) C Ai. By Lemma [5.101 (ii). the 
inclusion ^~^{Ai) C Eg holds. This implies that p^^(a) fixes the edge e for each 
aeA,. Thus, p,{Ae) =A,. □ 

Claim 6.4. Let us define a Borel map ^: Eg — > Ag by the formula 

^{X) = p^\^iix))p^\<l>2ix))-\ X e Ee- 

Then ^ is essentially constant. 

Proof. It is easy to see that the equalities 

*(7a;) = p^^ o 7ri(7)*(x)p2"^ ° '^2(1)^^, 5'(Ax) = 5'(x) 
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hold for any 7 G Fg, A £ Ae and a.e. x G Se- Thus, ^ mduces an essentiahy 
Fe-equivariant Borel map from Se/Ae into Ae, where the action Fg r\ Ae is defined 
by the formula 

7 . A = pj^^ o 7ri(7)Ap2"^ o 7r2(7)"^ 

for 7 G Fe and A G Ag. Choose g G Ag such that the measure of ^'^^({ff}) is 
positive. Since Eg/Ae is equipped with a finite Fg-invariant measure, the orbit 
Fg ■ g consists of at most finitely many elements. It follows from the ergodicity of 
the action Fg r\ Sg/Ag that the image of is essentially contained in the orbit 
Fg • g. The condition (2) implies that either the action Fg r\ Sg/Ag is aperiodic or 
Ag is ICC. It is easy to see that Vl/ is constant if the former condition is satisfied. 
Suppose the latter condition. For any two elements gi, 32 in the orbit Fg • g, there 
exists a finite index subgroup A of Fg such that o ni{^)gtP2^ o 7r2(7)^^ = gt 
for any 7 G A and any t = 1,2. It then follows that 

= Pi^ ° (7)51 Vr ^ ° 7^1(7) "1 

for any 7 G A. Since Ag is ICC, this equation implies that gig2^ is the identity. 
This shows that is constant. □ 

Let Aq G Ag be the value of the constant map 5*. The equality P2{^ci)^2{x) = 
P2 ° Pi^i^ii^)) then holds for a.e. x G Sg. Let us define an isomorphism 7r2 : F2 ^- 
r2 and an almost (F2 x A2)-equivariant Borel map <I>2 : S2 0^2iT^2t P2) by the 
formulas 

T^2{l) = P2(Ao)7r2(7)p2(Ao)"\ $2(2^) = P2(Ao)$2(a;) 
for 7 G F2 and x G S2. The equality pj"^ o ^i{x) = o ^2(2;) then holds for 
a.e. X G Sg. Since $~^({ei}) C Eg for each i by Lemma [5.101 (ii), the equality 
<I>^^({ei}) = ^2^^ ({62}) holds, where e; denotes the neutral element of Gi for each 
i = 1,2. Let us denote by E the subset ^^^({ei}) = ^^^({62}) of Sg. This E is 
a fundamental domain for the action F S and is also a fundamental domain for 
the action A rv E by ergodicity of the action A r\ E/A. 

The equation p^^ o ni{'f) = o 7r2(7) holds for any 7 G Fg because 

7i-2(7)^2(a;) = ^2(72;) = P2 o PiH'^iilx)) = p2 o p^^{Tri{-f)^i{x)) 

= P2° Pi^ o 7ri(7)p2 o p^^{^i{x)) = P20 p^^ o 7ri(7)<I>2(a:) 
for any 7 G Fg and a.e. x G Sg. Let us define a homomorphism F: F — s- A by 

pj'^o7ri(7) if7eri, 
^P2^o%2(ci) if7er2. 

This is well-defined and is an isomorphism as A is decomposed as the amalga- 
mated free product Ai A2 by Lemma 15.31 Choose an arbitrary element 7 = 
7i727i72 ' ■ ' 7"72 of F, where ^\ G F^ for each j and each i — 1,2. The equations 

(7^pr'°^i(7f))$r'(W})-$i({ei}), 

(7^,P2-'°^2(7^))$2"^({e2}) = 3>2({e2}) 

for each j imply the equation {'y,F{'-f))E = E wp to null sets. It is then easy 
to construct an almost (F x A)-equivariant Borel map from E into (F,id, po) with 

Po = F-\ □ 



F(7) 
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Corollary 6.5. On Assumption (f), let K he a discrete group and suppose that 
two ergodic f.f.m.p. actions T r\ {X,fj,) and A r\ {Y,i>) are WOE. We assume the 
following two conditions: 

(1) Let E C X and F C Y be Borel subsets of positive measure on which 
there exists a Borel isomorphism which gives the WOE between the actions 
Tr\{X,/j) and A r\ {Y,v). Then ii(E) / ii{X) < v{F) / v{Y); and 

(2) Either the action A r\ {X, fi) is aperiodic or both of the actions Ti 
{X, ii) and T2 r\ {X, fi) are aperiodic, the action A {X, /i) is ergodic, 
and A is ICC. 

Then fi(E) / fj,(X) ~ v{F)/viY), and the cocycle a: T x X ^ A associated with the 
WOE is cohomologous to the cocycle arising from an isomorphism from V onto A. 
In particular, the two actions T r\ {X, /i) and A r\ (Y, v) are conjugate. 

If some assumptions in the condition (2) are dropped, then one can construct OE 
between two ergodic f.f.m.p. actions of F such that the associated cocycle cannot be 
cohomologous to a constant cocycle, i.e., a cocycle arising from a homomorphism 
from r into F. Construction of such an OE is given in Section El 

7. Measure equivalence rigidity 

The previous section deduces rigidity when ergodicity is imposed on actions of 
some subgroups of a given amalgamated free product F = Fi *^ F2. Assuming 
a strong restriction to the inclusions A < Ti and A < T2 stated as follows, this 
section proves rigidity without assuming such ergodicity conditions on actions of 
any proper subgroups of F. This allows us to construct examples of ME rigid 
groups, which will be presented in Section |9l 

Assumption {X): Let Fi and F2 be discrete groups and Ai a subgroup of F^ for 
i = 1,2. Let (p: Ai — > A2 be an isomorphism and set F — (Fi,F2 | Ai ~0 A2 ). 
We denote by A the subgroup of F corresponding to Ai ~0 A2. Let T be the 
Bass-Serre tree associated with the decomposition of F and i: F — Aut*(T) the 
homomorphism arising from the action T r\T. We assume that for each i ~ 1,2, 

(a) \Ai\ = 00, [Ti : Ai] — 00 and Commrj(Ai) — Ai] 

(b) Ti is coupling rigid with respect to the pair {Gi,ni) of a standard Borel 
group Gi and a homomorphism tt^ : F^ — ^ Gi with ker tt.^ trivial; 

(c) either Gi is countable or F.^ is a lattice in a non-compact connected simple 
Lie group with its center trivial and its real rank at least two, Gi is 
equal to Aut(G°), and tt^ is the inclusion into G^; and 

(d) ken is finite, and F is coupling rigid with respect to Aut*(T'). 

For each i = 1,2, we set 

fj = 7r,(F,), A^=Tr,{A,), G, = Commc, (f G(iO = Commc,(A,). 
Finally, we suppose the following two conditions: 

(e) TT2 o (j) o n^^ : Ai —¥ A2 extends to an isomorphism 0: G{Ai) C{A2). 

(f) For each i = 1, 2, C{Ai) is ICC with respect to Ai. 

Set G = (Gi,G2 I C{Ai) ~^ C{A2)), and let C{A) denote the identified sub- 
group C{Ai) ~0 G{A2) of G. Note that both Gi and G2 are countable. It is easy 
to see that tti and tt2 induce an injective homomorphism tt: F — )■ G since by the 
condition (a), we have f ^ n C{Ai) = Ai for each i = 1,2. 
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Remark 7.1. In general, if M is a subgroup of a group N with LQNjY(Af) = M, 
then we have Comnijv(A^) ~ M . The group F in Assumption {*:) thus satisfies the 
conditions (a) and (d) in Assumption {X). 

As noted in Remark 16. 1[ the conditions (b) and (d) in Assumption {\) imphes 
that ker i is triviaL 

The condition (f ) in Assumption (J) imphes a strong interaction between Ai and 
Ti for each i. Indeed, it is easy to check that this condition imphes the fohowing 
two assertions: 

• For each i = 1, 2, F^ is ICC with respect to Ai. In particular, Ai is ICC. 

• For each i = 1,2, any isomorphism between finite index subgroups of F^ 
which is the identity on some finite index subgroup of Ai is the restriction 
of the identity. 

The condition (f) also implies uniqueness of the extension (j) of the isomorphism 

772 O (j) O 7rj~ . 

It will be shown that Comm(F) is countable and that F is coupling rigid with 
respect to Comm(F) on Assumption (l). As a first step for the proof, we construct 
an almost (F x F)-equivariant Borel map from a self-coupling of F into the (F x F)- 
space (G, tt, tt) when a mild condition is imposed on the coupling. The following 
two lemmas are preliminaries for this first step. 

Lemma 7.2. Let T be a discrete group and (G, tt) a pair of a standard Borel group 
G and a homomorphism tt : F — >■ G with ker tt finite. Suppose that we have a self- 
coupling (S,m) o/F and an almost (T xT)-eqmvariant Borel map ^ : E — )■ (G,7r, vr) 
such that the measure $,m on G is atomic. Then the support of <^^m is contained 
in CommG(7r(F)). 

Proof. Note that any point g E G contained in the support of "I>»m has finite 
measure with respect to because kerTr is finite. Pick g G G in the support of 
$*m. Let O be the orbit for the action F x F (G, 7r,7r) containing g. It is easy 
to see that this action defines a coupling with respect to the measure $»rn. This 
implies that the set of all left (resp. right) cosets of 7r(F) contained in O consists 
of at most finitely many elements. Since 7r(F) acts on this finite set, there exists a 
finite index subgroup F' of 7r(F) contained in gTr(T)g^^ and g^^Tr(r)g. Therefore, 
g e CommG(7r(F)). □ 

Lemma 7.3. On Assumption (J), let T'l and Fj be finite index subgroups o/Fi — 
7r(Fi) and T2 = 7r(F2), respectively. If g G satisfies the equation 757^^ — g for 
any 7 £ F'j^ U Fj, then g is the identity. 

Proof. Assuming that g is non-trivial, we deduce a contradiction. One can then 
write 5 as a normal form g — C1C2 • • • c„ with respect to the decomposition G = 
( Gi, G2 I G(Ai) ~0 C{A2) }, which satisfies the following four conditions (see IV. 2. 6 
in mi): 

• Each Ci belongs to either Gi or G2. 

• Any two successive elements Ci and c^+i belong to different factors Gi and 
G2, respectively. 

• When n > 1, any Ci does not belong to C{A). 

• When n — I, ci is non-trivial. 

Conversely, it is known that any product of elements of Gi and G2 satisfying these 
four conditions is non-trivial in G. It is easy to deduce a contradiction when n = 1. 
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Suppose that n is bigger than one. We first consider the case where both ci and 
c„ are in Ci \ C [A) . It follows that for each 7 g r2 \ , the product 

191~^9^^ = 7Ci • • • Cn'y~'^c~^ ■■■Ci^ 

is a normal form since 7 G C2 \ C{A). Thus, this product is non-trivial in G, 
a contradiction. In the same way, one can deduce a contradiction in the case of 

ci,c„eC2\C(A). 

We next assume ci e Ci \ C{A) and c„ S C2 \ C{A). For any two elements 
7,7' S r'j, if both 7C1 and 7'ci belong to C{A), then 7'7~"^ = (7'ci)(7Ci)~"^ also 
belongs to C{A). Hence, 7 and 7' are in the same right coset of Ax flF'^ = C{A)r\T\ 
in T'l. Since the index of Ai r\T'i in T'-^ is infinite, there exists 7 G F'j^ \^i satisfying 
7C1 ^ C'(A). It then follows that the product 

191^^9^^ = (7Ci)c2 • • • c„7"^c,7i • • • 
is a normal form and is non-trivial. This is a contradiction. The proof for the case 
of ci e C2 \ C[A) and c„ G Ci \ C(^) is given in the same way. □ 

Theorem 7.4. On Assumption {%), let (I],m) he a self-coupling ofT. Suppose 
that we have an almost (F x T)-equivariant Borel map $ : S — > (Aut(r), i, i). Then 
there exists an essentially unique, almost (F x T)-equivariant Borel map ^q-.Ti^ 
(G,7r,7r). 

Proof. We use the notation employed in Section [5?2] For each simplex s G V{T) U 
E{T), we set 

= $"i(Stab(s)), Ts = i"^(«(F) n Stab(s)) 
and denote by Vi G Vi{T) = F/F^ the vertex corresponding to the coset containing 
the neutral element for i — 1,2. In particular, let us put — S^,. for each i — 1,2. 
Recall that is a self-coupling of F^ for each s G V{T) U E{T) (see Lemma [5.21) . 
Given v G F(r) and e G E{T), we put 

G, = ^(7)C,^(7)-\ fe = ^(Fe), 

where i G {1,2} and 7 G F are chosen so that 7^^ — v. This definition of the 
subgroup Cv of G does not depend on the choice of 7. The proof of the theorem 
consists of the following four claims. 

Claim 7.5. For each v G V{T), there exists an essentially unique, almost (F„ x F^,)- 
equivariant Borel map : E^, — {Cy, tt, tt). 

Proof. Choose i G {1,2} and 7 G F with G„ ~ 7r(7)Gi7r(7)~^. Since F^ is coupling 
rigid with respect to {Gi,TTi), there exists an essentially unique, almost (F^ x F^)- 
equivariant Borel map E^ — ;> (G^, tt^, tt^). It follows from Corollarv 15.91 that 
the measure on d is atomic. By Lemma [TjH its support $i(Ei) 

is contained in Ci. The map is then defined so that the following diagram 
commutes, where the map from E„ into E^ is given by the action of the element 
(7-\7"') erxF: 



E„ ^ Cy 



(7-^7-') 



Ad7r(7) 



-> G; 



It is clear that the map $^ is almost (Ft, x F,;)-equivariant. Essential uniqueness 
of follows from Lemma 13.41 (i) . □ 
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Claim 7.6. Let u,v E V{T) be any two adjacent vertices and denote by e €z E{T) 
the edge connecting u and v. Then the two maps : C'u and : 'Sy ^ Cy 

essentially coincide on Se = Su H S^,. 

Proof. Define a Borel map ^f; Eg ^ G by *(a;) = $„(a;)~^$t,(a;) for a; e Eg. This 
map satisfies the equation 

*((7i,72)x) = 7r(72)*(a;)7r(72)"^ 

for any 71,72 G Fg and a.e. x £ T,^. By Lemma 17.21 the support of the mea- 
sure {^w)*{'m\T,c) is contained in Commc^(re) for each w € {u,v}. By definition, 
Comm(7^(fe) and Comm(7^(fe) are identified in G. The image of 4* is hence con- 
tained in this identified subgroup of G. One can then prove that 5* (a;) is the identity 
for a.e. a; G Ee by using the condition (f) in Assumption (J). □ 

Let us introduce the new notation in order to distinguish the two actions of F 
on E. Given any 7 G F, let us set 

L{l) = (7, Ir) e F X F, i?(7) - (Ir, 7) e F x F 

for each 7 £ F, where Ir is the neutral element of F. 

Claim 7.7. For each v G V{T), one can extend the map : E„ ^ Cy to a Borel 
map $1, : E — > G such that ^y{L{^)x) = Tr{'-f)^y{x) for any 7 G F and a.e. a; G E. 
This map satisfies the equation $„(i?(A)a;) — <I'„(a;)7r(A)^^ for any A G F„ and 
a.e. a; G E. 

Proof. For any two vertices u,u G V(T), we put 

E^ = <i>-i({/G Aut(T) = 

It is clear that for each v G V{T), E is essentially equal to the disjoint union of E" 
for aU u€V{T). 

Fix any vertex v G V{T). Choose any 71, 72 G F and any Borel subsets Z\^Zi C 
Yjy of positive measure satisfying 

L(7i)Zi = L(72)Z2 C E';; 

for some u G One can then find 7 G F satisfying 7V = u. This implies that 

both 7~^7i and 7~^72 belong to F„. Since the map : E„ (G, 7r,7r) is almost 
(F^ X F„)-equivariant, the equation 

7r(7i)$^,(xi) =7r(7)7r(7~i7i)$„(a;i) = 7r(7)$„(i:(7-i7i)a;i) 

=7r(7)$^,(L(7"^72)a;2) = 7r(7)7r(7"^72)$„(a;2) = 7r(72)$„(a;2) 

holds for a.e. x\ G Z\ and a;2 G with L(7i)a;i = ^(72)2;2. It is clear that this 
equation proves the first assertion of the claim. 

Choose any A G F^ and any Borel subset C E of positive measure such that 
R{X)W is contained in S" for some u G ^(r). Pick 7 G F with 71; — u. This 7 
satisfies L(7~^)i?(A)x G E^ for a.e. x G W . As is almost (F^, x Fi,)-equivariant, 
the equation 

$,(i?(A)a:) = ^(7)$,(i(7-i)i?(A)a:) = i^(a)^y(L{-i-^)x)^{\Y^ 
= $,(a;)^(A)-i 

holds for a.e. x G VF, and this proves the second assertion. □ 
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Claim 7.8. For any two vertices u,v G V(T), the two maps ^u,^v- S — )• G are 
essentially equal. 

Proof. We may assume that u and v are adjacent vertices. Let e e E{T) be tlie 
edge connecting u and v. Choose any 71,72 G F and any Borel subsets Zi C Su 
and Z2 C Tjy of positive measure satisfying 

i(7i)Zi = i(72)Z2 and Zi C S^f 

for some w G V{T), where we use the same notation as in the proof of Claim [7771 
Since w is in the link of u, there exists 7 G satisfying — w. It follows from 
L{j-'^)Zi = L(7-i7j-S2)^2 C Ee that -f~^-fi^-f2 belongs to Ty. By ClaimlLll the 
equation 

7r(7i)$„(a;i) = 7r(7i7)$„(L(7-i)a;i) = 7r{jij)^y{L{-f'^)xi) 

= 7r(7i7)$^,(L(7"^7f^72)x2) = 7r(7i7)7r(7~^7f ^72)$„(x2) 
= 7r(72)'I>^(a:2) 

holds for a.e. xi € Zi and X2 G ^2 with L(7i)xi = i(72)a;2- It is clear that this 
equation proves the claim. □ 

Let us denote by $0 : E — > G the common map $^ for all v £ V{T). The map 
$0 : E ^ (G, TT, tt) is almost (F x F)-equi variant since F is generated by F„ and 
F^, for any adjacent vertices w, w G V{T). Essential uniqueness of $0 follows from 
Lemmas 13.41 and 17.31 □ 

Theorem 7.9. On Assumption (J), there exist a subgroup Comm^(F) of index 
at most two in Comm(F) and an injective homomorphism tt: Comm^(F) G 
satisfying the equation 

Af{i)) = HfMi)^{f)'\ V7GF' 

for any isomorphism / : F' — )> F" between finite index subgroups of F representing 
an element 0/ Comm~''(F). In particular, Comm(F) is countable. 

Proof. It follows from Lemma 13.91 that there exists an injective homomorphism 
i: Comm(F) — > Aut*(T) satisfying the equation 

^{fi7))=^imlWr\ V7GF' 
for any isomorphism /: F' ^> F" between finite index subgroups of F. Let us set 
Comm+(F) = i-i(Aut(r)). One can associate to each / G Comm^(F) the self- 
coupling of F as in the proof of Lemma 13.91 It is obvious that the image of 
the unique, almost (F x F)-equivariant Borel map from E^ into (Aut*(T), z, z) is 
contained in Aut(r). By Theorem 17.41 one can find an essentially unique, almost 
(F X F)-equivariant Borel map from E f into (G, tt, tt). Following the proof of Lemma 
13.91 we obtain a homomorphism tt : Comm^ (F) — s> G satisfying the desired equation. 
Since tt: F — )■ G is injective, so is tt. □ 

Theorem 7.10. On Assumption (l), F is coupling rigid with respect to Comm(F) 
and is thus ME rigid. 

Proof. Note that Comm(F) is countable by Theorem 17.91 Let (E, m) be a self- 
coupling of F. By Theorem 14.21 there exists an almost (F x F)-equivariant Borel 
map E (Aut*(T), i, i). If the (F x F)-invariant Borel subset $-i(Aut(r)) has 
positive measure, then we can apply Theorem 17.41 to $, and we obtain an almost 
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(r X r)-equivariant Borel map from $ ^(Aut(T)) into (Comm(r), i, i) by Lemma 

ism 

In what follows, we assume that the measure of the subset $~^(Aut(r)) is zero. 
It is enough to construct an almost (F x r)-equivariant Borel map from E into 
(Comm(r), i, i) in this case. To distinguish the two actions of F on E, we use the 
following notation in the proof of Theorem 17.41 Given any 7 G F, we set 

L{l) = (7, Ir) e r X F, i?(7) = (Ir, 7) e F x F 

for each 7 G F, where Ir is the neutral element of F. Let us consider the two actions 
ofFxFonSxFxS defined by the formulas 

(71, 72 ) (a;, A, y) = (i(7i)x, A, £(72)2/), 

{\u\2){x,\y) = (i?(Ai)x,AiAA2-\i?(A2)y) 

for 71, 72, A, Ai, A2 G F and x,y G S, respectively. We denote by Vt the quotient 
space of S X F x E by the second action of F x F. The first action of F x F induces 
an action F x F r\ il, which defines a self-coupling of F. It is easy to see that the 
map 

E X F x S 9 (x,A,y) ^{x)i{X)^{y)-^ G Aut*(T) 
induces an almost (F x F)-equivariant Borel map from J7 into (Aut*(T), i, i), whose 
image is contained in Aut(T) by our assumption. One can then find an almost 
(F X r)-equivariant Borel map from £7 into G by applying Theorem 17.41 The proof 
of Theorem 13.51 shows that there exist a homomorphism p: F — > G with kerp finite 
and an almost (F x F)-equivariant Borel map from E into (G, tt, p). Since F is ICC 
by Lemma 17.31 the kernel of p is trivial. It follows from Lemma 13.111 that there 
exists an almost (F x F)-equivariant Borel map from E into (Comm(F), i, i). □ 

Remark 7.11. On Assumption (★), let (E,m) be a coupling of F and a discrete 
group A. Suppose that we are given a countable Borel space G on which F x A acts 
so that each action of F and A is free, and an almost (F x A)-equivariant Borel map 
$0 • ^ ~^ C'- It follows from Corollarv l4.3l that there exist a homomorphism p: A ^> 
Aut*(r) and an almost (F x A)-equivariant Borel map $: E — (Aut*(T), i, p). 
Then we can prove that the measure on Aut*(T) is atomic as follows. This 
implies that ker p is finite and that i{T) and some conjugate of p(A) in Aut*(r) are 
commensurable. 

Choose c G G such that the measure of Xc = 'I*(7^({c}) is positive. It is easy 
to see that if is a fundamental domain for the action K r\ C containing c, then 
X = <I>Q ^(i^) is a fundamental domain for the action A rv E. It follows that Xc is 
invariant under the stabilizer Fc of c for the action T r\ F, which is a finite index 
subgroup of F. Let us consider the Borel map ^c'- y. X^ Aut*(r) defined by 
the formula 

$c(a;, y) = ^{x)^{y)-^ for {x, y) e X^ x X^. 
This map satisfies the equation $c(7 ' x,j ■ y) = i{j)^cix,y)i{'^)~^ for any 7 G F^ 
and a.e. {x, y) ^ X^x X^- It follows from Lemma W7\\ that $c is essentially constant 
and its value is the neutral element of Aut*(T). Thus, $ is also essentially constant 
on Xc- This proves that the measure i'^m on Aut*(T) is atomic. 

In particular, the above claim shows that on Assumption (j:), if (E,m) is a 
coupling of F and a discrete group A and if p: A — Aut*(T) is the homomorphism 
obtained as an application of Theorem 13.51 then kerp is finite, and i(F) and some 
conjugate of p(A) in Aut*(T) are commensurable. 
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8. Twisted actions of amalgamated free products 

The universality of amalgamated free products enables us to find examples of 
them or their actions which do not hold a variety of rigidity discussed in the previous 
two sections. This section gives a method to construct such examples by twisting 
the action of one factor subgroup when an ergodic f.f.m.p. action F r\ [X, fi) of an 
amalgamated free product F = Fi *^ F2 is given. More precisely, one can twist the 
action F2 r\ {X, fi) by inner conjugation in the sense of orbit equivalence, keeping 
the action Fi rv {X, fj.) fixed. It turns out that the original action and the new 
twisted action of F are OE with respect to the identity map on X. 

8.1. Tvifisted actions. Let F = Fi *^ r2 be an amalgamated free product of dis- 
crete groups. Suppose that we are given a f.f.m.p. action F r\ {X, 11) on a standard 
probability space {X, fi) and a Borel map ip: X ^ A satisfying the following two 
conditions: 

(a) The map X B x t-^ (p{x)~^x e X defines a Borel isomorphism between 
conuU Borel subsets of X. We denote by f^p this isomorphism. 

(b) The following equation holds: 

(p{ax)aip{x)~^ — a, Va G A, a.e. x £ X. 

Let (Y, z/) be a copy of (X, /i). We construct a f.f.m.p. action of F on (Yjiy) by 
twisting the action of F2 as follows: Let / : X ^ Y he the identity map. Define an 
action of F on y by the formulas 

7iy = I{lil~^{y)), l2y^Io /^(72(/ o Uy^iyj) 
for 71 € Fi, 72 G F2 and y £ Y . Since the equation 

ifip{x) — a(f{x)^'^x — if{ax)~^ax — f,^{ax) 

holds for any a & A and a.e. x £ X, this action F r\ (F, v) is well-defined. One can 
check that this action is essentially free since (p is valued in A. 

It is obvious that the map I : X ^Y gives OE between the two actions V r\ X 
and Y r\ Y and that the associated OE cocycle a: F x X — > F is given by the 
formulas 

(2(71, x) = 71, a(72,a;) = (p(72a;)72(p(a;)~^ 
for any 71 G Fi, 72 G F2 and a.e. x £ X. 

8.2. Groups which are not coupling rigid. We keep the same notation as in 
Section [8Tl Let a: F x X — > Comm(F) be the composition of a with the natural 
homomorphism i: F Conim(F). 

Lemma 8.1. Suppose that F is ICC with respect to Fi and the action T2 r\ X is 
aperiodic. If there exists a Borel map ijj: X Comni(F) satisfying the equation 

^p{'^x)a{'-f , x)ip{x)~^ =7, V7 G F, a.e. x E X, 

then if is essentially constant. 

Proof. Since the action F ^ X is aperiodic, the equation jip{x) = 4'{ix)a{'y, x) for 
any 7 G F and a.e. x £ X implies that there exists go G Comm(F) with V'(^) £ 9o^ 
for a.e. x £ X, where i^iX) denotes the support of the measure on Comm(F). 
We may assume go G tp{X). 

We claim that the equality ij^iX) — {go} holds. Pick 7 G F with 507 G '>P{^)- 
Since the equation -0(710;) — 7i-!/'(a;)7]~^ holds for any 71 G Fi and a.e. x E X , each 
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g € centralizes a finite index subgroup of Fi. We tfius liave a finite index 

subgroup A of Fi contained in tfie centralizers of go and 5o7- For each 71 G A, tlie 
equation go7 = lidoJJi^ = 3o7i77r^ implies that A is contained in the centralizer 
of 7. Since F is ICC with respect to Fi, we see that 7 is the identity, and this 
proves the claim. 

We therefore have the equation gQ(p('-f2x) = 7250 '/'1 2;) 7^^ for any 72 G F2 and a.e. 
X G X. Aperiodicity of the action T2 r\ X implies that ip is essentially constant. □ 

The following lemma gives a sufficient condition for F to satisfy the ICC assump- 
tion in Lemma |8. II 

Lemma 8.2. Let F = Fi F2 be an amalgamated free product of discrete groups 
such that [Fi : A] ~ 00 and Fi is ICC. Then F is ICC with respect to Fi. 

Proof. Let T be the Bass-Serre tree associated with the decomposition F — Fi*^F2. 
We denote by Vi{T) = F/Fi the set of vertices corresponding to left cosets of Fi in 
F. Recall that Fi acts on T so that Fi fixes the vertex vi G Vi{T) corresponding 
to the coset containing the neutral element and acts on the link of vi transitively. 
Since A is of infinite index in Fi, the link of vi consists of infinitely many elements. 
Each orbit for the action Fi r\ Vi{T) hence consists of either the single vertex vi 
or infinitely many elements. 

If /i is a probability measure on F which is invariant under conjugation of any 
element of Fi, then consider the natural quotient map g; F — > F/Fi = Vi{T). This 
map satisfies the equation q{jgj~^) = jgvi for any 5 G F and any 7 G Fi. The 
observation of the previous paragraph proves that the support of fi is contained in 
Fi. Since Fi is ICC, /i is the Dirac measure on the neutral element. □ 

If A is of infinite index in F2 and is not ICC, then one can easily find a f.f.m.p 
action T r\ X and a Borel map (p: X A such that 

• the action T2 r\ X is aperiodic; and 

• ip satisfies the conditions (a) and (b) in Section lOI and is not essentially 
constant. 

Lemma |8 . 1 1 then implies the following; 

Proposition 8.3. Let F = Fi *^ F2 be an amalgamated free product of discrete 
groups such that [Fi : A] — 00, [F2 : A] = 00, Fi is ICC, and A is not ICC. Then 
F is not coupling rigid with respect to Comm(F). 

9. Examples of ME rigid groups 

This section provides two kinds of subgroups A of SL{n, Z) with n > 3 such that 
(the quotient by the center of) the amalgamated free product SL{n, Z) *a SL{n, Z) 
fulfills all conditions in Assumption (l), and thus it is ME rigid. The simplest 
examples of them are presented in Theorem 11.51 

The following classical theorem describes all automorphisms of {P)SL{n, R) and 
will be applied repeatedly throughout this section. The reader should consult [7], 
[14j and references therein for details and more general results. 

Theorem 9.1. Let n be a positive integer. Then 

(i) for any automorphism f of SL{n,M.), there exists go € GL(n,W) such that 
either 

• fig) = goggo^ for any g G SL{n,R); or 
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• fig) = .9o(*9) \go ^ for any g G SL{n,R), 
where *g denotes the transpose of a matrix g G SL(n,'K). 
(ii) any automorphism of PSL{n, M) is induced from a unique automorphism 
ofSL{n,R). 

Note that any automorphism of 51/(2, R) is given by conjugation of an element 
of GZ/(2,M) because of the equation 

^ =Ca)-\ Vae5L(2,R). 

9.1. Tensor products. In this subsection, we mean by a vector space a finite- 
dimensional one defined over the field M of real numbers unless otherwise stated. 
When y is a finite-dimensional vector space defined over R, wc denote by GL{V) 
the group of all linear automorphisms on V over R, and by SL(y) the subgroup 
of GL{V) consisting of all linear automorphisms whose determinants are equal to 
one. We denote by /y the identity map on V. 

Let Vi,. . . ,Vn be vector spaces and put V — Vi ■ ■ ■ ^Vn- We define a homo- 
morphism T: GL{Vi) x • • • x GL{Vn) GL{V) by the formula 

{gi, ■■■,gn)^ gi®---®gn 

for (gfi, . . . , Qn) € GL{y\) X • • • X GLiVn), where gi <Si ■ ■ ■ <Si gn acts on V by 

(51 <8) • • • O O • • • O Vn) = giVi (g) • • • (g) gnVn 

for t;i (g) • • • (g) u„ e V. Given a subgroup Gi of GL{Vi) for each i, let Gi (8) • • • (g) 
Gn denote the image T{Gi x • • • x G„). Note that the image of SL{Vi) (g • • • ig 
SL{Vn) in PSLiV) is isomorphic to PSL{Vi) x ••• x PSL{Vn). The following 
three lemmas help us to compute the centralizer and normalizer in GL{V) of the 
subgroup SL{Vi) (g) • ■ • (g) SL{Vn). 

Lemma 9.2. Let V\ and Vi he vector spaces and put V = Vi ^ ¥2- If G is a 
subgroup of SL{V2) and if go S GL{V) commutes with any element of SL{Vi) 
then go is written as go = ly^ ^ z for some z G ZQi^^y^-^{G). 

Proof. Fix a basis for Vi and decompose go as the matrix go — (<7ij)"j=i with 
respect to the basis, where gij E End(V2) and n = dimVi. Let Eij £ End(Vi) be 
the elementary matrix whose (i, j)-cntry is one and any other entries are zero with 
respect to the basis. It then follows that 

• the matrix go{{Ivi + Eij) ® Iv^) is given by adding the i-th column of go 
to the j-th column of go] and 

• the matrix {{Ivi + Eij) <g -^^2)50 is given by adding the j-th. row of go to 
the z-th row of go • 

By assumption, the two matrices go{{Ivi + Eij) (g /y^) and {{Ivi + E^j) (g Iv2)go 
coincide if i and j are distinct. It is then easy to prove that the matrix go is the 
diagonal matrix whose diagonal entries are all the same and lie in 7^Qj^^y^-^{G) . □ 

Lemma 9.3. Let Vi and V2 be vector spaces and put V = Vi ^¥2- Suppose that 
go G GL{V) satisfies 

go{SL{Vi) ® Iv,)go' = SL{Vi) <S> ly,- 

Then the automorphism of SL{Vi) induced by go coincides with the conjugation of 
an element of GLiVi). 
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Proof. We put n ~ dimVi and may assume n > 2. Since any automorphism of 
5i(2,R) is given by conjugation of an element of GL{2,M.), we may assume n > 3. 
Fix a basis for Vi . By Theorem 19.11 (i) , if the conclusion of the lemma were not 
true, then we would obtain the equation 

go{a Iv, )go^ = (*a)-i ® /y, , Va G SL{Vi) 

after multiplying go by an appropriate element of GL{Vi)'SiIv2 , where *a denotes the 
transpose of a matrix a G SL{Vi) with respect to the chosen basis. Let a G SL{Vi) 
be the matrix whose entries and transpose-inverse are given by the formulas 



/ 1 





ai2 
1 




ai3 

1 



ai„ 





Ca)- 



1 

-ai2 

-ai3 



\ ••• 1 / \ -ai„ 

G M is an arbitrary element. Decomposing go as the matrix go 
with gij G End(V2), one obtains 



where aij 



911 

921 



ai25ii 
ai252i 



'512 
' 522 



ain5ii 
ain52i 



'5ii^ 

'52>i 



\ 







1 / 

■ i9^j)Zj=i 



511 
-ai25ii - 



521 



512 

-ai25i2 - 



522 



5lr^ 

-ai25in 



'52»i 



Since these two products coincide for any aij G M, one can deduce the equations 
511 = 0, 312 = -321, 521 = 513 = • • • = gin. = 

by comparing the (1, j)-entries for j > 2, the (2, 2)-entry and the (2, j)-entries for 
j > 3, respectively. Therefore, gij = for each j = 1, . . . , 
50 e GL{V). 



This contradicts 
□ 



Lemma 9.4. Let Vi, . . . ,Vn be vector spaces and put V = Vi(^ ■ ■ ■ 'E)Vn- We define 
the subgroups H , Hi of SLiV) as 

H = SL{Vi)(E)---(E)SL{Vn), 

Hi ^ Iv,(E)--- /y._i SL(Vi) (g) Iv,+i (E) ■ ■ ■ (E) Ivr, 
for each i — 1, . . . , n. Then the equality 

n 

f]NGL(v)iH^) = GL{Vl)^■■■<»GL{Vn) 

1=1 

holds, and the normalizer N5i(y)(_ff) contains H as a finite index subgroup. 

Proof. We denote by L and R the left and right hand sides of the equality in 
the lemma, respectively. It is obvious that R is contained in L. Pick any go G 
L. By Lemma 19.31 we may assume that 170 commutes with any element of H by 
multiplying an appropriate element of R to go- By Lemma [9?2l go belongs to the 
center of GL{V), which is contained in R. The latter assertion follows from the 
equality L = R and the fact that Hi , . . . , i?„ are the whole connected simple normal 
subgroups of H that are non- trivial and proper if dimV^ > 2 for all i. □ 
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Let Vi, . . . ,Vn be finite-dimensional vector spaces over R and put F = Vi ® • • • (8) 
Vn- If a basis Ai for Vi is chosen for each, i, then it is clear that 

A = {ei (g) ■ • • (g) e„ I ei e Ai, i = 1, . . . ,n} 

forms a basis for In the rest of this subsection, we fix these bases for Vi and V. 

Proposition 9.5. Let Vi, . . . ,¥„ be finite- dimensional vector spaces over M with 
dimVi > 2 for each i = Fix bases Aj for Vi for each i and A for V — 

Vi (g) • • • (g) y„ as above. We put 

G^SL{V), H = SL{Vi)®---®SL{Vn). 

Given a subgroup K of GLiV), we denote by Kz the group consisting of all elements 
of K which preserve the set of integral points X^egA Then the subgroups T = Gz 
and A = Ng{H)i of G satisfy the following: 

(i) The equation LQNp(^) = A holds. 

(ii) For any finite index subgroup A' of A, the identity is the only automor- 
phism of G fixing all elements of A' . 

Proof. Pick 7 G LQNp(A). By definition, a finite index subgroup of A is contained 
in 7^7"^. Since iJ is a connected semisimple Lie group without compact factors 
and since H^, is a finite index subgroup of A by Lemma [Hill the argument of Zariski 
closures show the inclusion H < jHj~^. By comparing the dimension, the equation 
H = jH-f'^ holds, and thus j ^ A. This proves the assertion (i). 

Let / be an automorphism of G fixing all elements of a finite index subgroup A' 
of A. Theorem 19.11 shows that / is given by either 

• fig) = 9o99o^ for any 5 G G; or 

• fig) = 9oi*g)~^go^ for any g e G, 

for some go e GL{V), where *g denotes the transpose of a matrix g E G with respect 
to the basis A. The argument of Zariski closures implies that / fixes all elements of 
H. We thus have go G ^GL{V){Hi) for each i = 1, . . . , n, where Hi is the subgroup 
of H given by 

Hi = Ivi<E>--- Iv,-i «> SL{V) <E) Ivi+i g) • • • g) /y„ . 

It follows from Lemma 19.31 that there exists gi G GL{Vi) for each i such that 
((71 g) • • • (g 5„)(?o G GL{V) commutes with any element of H . By Lemma 19.21 
(51 g) • • • g) gn)go lies in the center of GL{V). We may therefore assume that go is 
equal to ^ g) • • • g) g~^. This implies that gi lies in the center of GL{Vi) for each 
i and that / is the identity. □ 

Theorem 9.6. In the notation of Proposition \ 9.5[ we put F = p{T) and A = 
viA^, where p: SL(y) PSL{V) is the natural projection. If n > 2, then the 
amalgamated free product Fq = F *^ f is coupling rigid with respect to Comm(Fo). 
In particular, Fq is ME rigid. 

Proof. Proposition 19.51 (i) implies the equation LQNp(A) = A. Theorem 19.11 fii) 
and Proposition 19.51 (ii) show that the centralizer of any finite index subgroup of 
A in Kvit{PSL{V)) is trivial. Since f is coupling rigid with respect to the pair of 
PiMiiPSL{V)) and the restriction of p to F by Theorem 13. 121 the amalgamated free 
product Fq = F *^ F fulfills all of the conditions in Assumption {X). Theorem 17. 101 
then implies the theorem. □ 
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Note that the projection p: SL{V) PSLiV) mduces the homomorphism from 
r *^ r onto r *^ r whose kernel is equal to the center of F *yi F and is either trivial 
or isomorphic to Z/2Z. Thus, F F is also ME rigid. 

In the notation of Proposition [9?5l let us describe A — Ng{H)z explicitly in the 
case of n = 2. We leave the reader to consider the case of n > 3. Theorem 11.51 (a) 
is a consequence of Theorem 19.61 and the following: 

Lemma 9.7. In the notation of Proposition [975\ we assume n = 2. Put 

J ={GL{Vi)®GL{V2))r\G 
and di = dim Vi for i = 1,2. Then the following assertions hold: 

(i) We have Jz < A and Jz (G'i(Vi)z ® GL{V2)i) n G. 

(ii) If either di =/= d2 or di = d2 and this same number is congruent to 2 
modulo 4, then A = Jz- Otherwise, [A : Jz] = 2. 

(iii) // both di and d2 are odd, then Jz = Hz ~ SL{Vi)z ® SL{V2)z- 

Proof. It is obvious that the inclusion of the assertion (i) holds. We remark that 
if g G GL{Vi) and h £ GL{V2) are represented as the matrices g = {gij) and 
h = (hki) with respect to the bases Ai and A2, respectively, then g ®h & SL{V) 
is represented as the matrix the set of whose entries consists of the products gijhki 
for all i, j, k and I, with respect to the basis A. This implies that the right hand 
side of the equation in the assertion (i) is contained in Jz- 

Let g G GL{Vi) and h e GL{V2) such that g ^ h e Jz- We verify that if both 
det g and det h lie in {±1}, then g e GL{Vi)z and h £ GL{V2)z, which proves the 
equation in the assertion (i) . It follows from the remark in the previous paragraph 
that the product gtjhki is an integer for each z, j, k and I. For each i and j, the 
determinant of the matrix {gijhki)k,i is an integer and is equal to {gijY'^ or —{gijY^- 
Hence, if gij ^ 0, then gij is uniquely written as gij — SijitijY/'^^ , where Sij is a 
non-zero integer and tij is a positive integer such that the power of each prime 
in the prime factorization of tij is less than d2- On the other hand, it is easy to 
see that giiji/gi2j2 G Q for each ii, ji, i2 and j2 with gi^j^ ^ 0. All tij therefore 
coincide, and we denote the number by t. The determinant of g is then equal to 
the product of t'^i/''^ a,nd an integer. Since det g lies in {±1}, t must be equal to 
one. This implies g £ GL{Vi)z- One can similarly show h £ GL{V2)z- 

We next prove the assertion (ii). Let us set 

Hi = SL{Vi) ® ly^ , H2 = Iv, ® SL{V2). 

If di and d2 are distinct, then A — Jz hy Lemma 19.41 Suppose d = di = d2 > 2. 
Let f:Vi ^> V2 be the isomorphism defined by /(e]) = e| for each j = 1, . . . ,d, 
where we put A,; — {e\, . . . , ej^} for i = 1, 2. The automorphism ip oi V given by 

ip{x = f-^iy) ® fix), xeVi, yeV2 

then belongs to GL{V)z- It is easy to check that ip satisfies det 1^9 = (^—i)d(d-i)/2 
and the equations 

ifHiif^^ = H2, ipH2(p^^ = Hi. 

If d is congruent to either or 1 modulo 4, then detip — 1 and ip is in A \ Jz. 
Thus, [A : Jz] =2. If d is congruent to 3 modulo 4, then det(p = —1. Choose any 
a £ GL{V2)z with det a = —1. We see that (Ivi O a)(p belongs to A \ because 
det(Jyi a) = (-1)'* = -1, which implies [A : Jz] = 2. 
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If d is congruent to 2 modulo 4, then det tp — ~l and one can prove the equation 
Ng{H) — J 'AS follows: Assume that there exists g G G such that the equations 

gHig-' = H2, gH^g-' ^ H, 

hold. The product ipg belongs to ^gl(v){Hi) and ^GL(v)iH2)- As in the proof of 
Lemma [9^ one can find hi G GL{Vi) with det hi € {±1} for i — 1,2 such that the 
product fg{hi /i2) commutes with any element of H. It follows from Lemma 19.21 
that (pg{hi /i2) is in the center of GL(y). Since the determinant of any element 
in the center of GLiV) is positive, this contradicts det{ipg{hi (E> /12)) = — 1. As a 
consequence of the claim, we obtain the equation A = J^. 

The equation in the assertion (iii) easily follows from the assertion (i). □ 

9.2. Upper block triangular matrices. Throughout this subsection, k stands 
for either the field M of real numbers or the field C of complex numbers. Let y be a 
finite-dimensional vector space over k. We mean by a flag of a strictly increasing 
sequence of subspaces of V from to V. The flag ^ Vi ^ • • • ^ V/ ^ y of y is 
said to be of type (di, . . . , d;) if = dimy^ for each i. 

Notation 9.8. Let A = (ni, . . . , ni) be a finite sequence of positive integers, and 
put n — ni + ■ ■ ■ + ni. We denote by {ei, . . . , e„} the standard basis for the vector 
space /c" over k. For each i = let fc^'-* be the subspace of /c" spanned by 

ei, . . . , e^i, where di = ni + ■ ■ ■ + rii. We denote by -F(A, k) the flag corresponding 
to the sequence of the subspaces 

We define the subgroup P(A, k) of SL{n, k) as the subgroup consisting of all ma- 
trices in SLin, k) of the form 
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ai 








\ 
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03 • 
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where a; G SL{ni, k) for each i = 1, . . . ,1. It is easy to check that P{A, k) fixes the 
flag F{A,k). 

Lemma 9.9. Let A = (ni,...,n/) be a finite sequence of positive integers. In 
Notation \9.8[ -F(A, k) is the only flag of type (c?i, . . . fixed by the subgroup 

PiA,k) ofSL{n,k). 

Proof. Let U he a subspace of fc" of dimension di-i which is invariant under 
P(A, k). Assume that there exists u = J^i ^i^i G ^ with Xi € k such that A^^ 7^ 
for some iq with c?;_i < io < n. By applying the matrices of the form 

I +J2*^Ei^o ^ P(Ak), tiGk 

i=l 

to u, we see that U contains k^^^^\ where / is the identity n-by-n matrix and Eij 
is the elementary n-by-n matrix whose (z, j)-entry is one and any other entries are 
zero. This implies dimt/ > d/-i, a contradiction. It follows that U is contained in 
/fcC'i), and thus U = fc('-i). 
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In a similar fashion, one can show that for each i = 1, . . . ,1 — 1, k^^^ is the only 
di-dimensional subspace of that is invariant under P(A, k). This proves the 

lemma. □ 

Proposition 9.10. Let A — {ni, . . . ,ni) be a finite sequence of positive integers 
such that either ni > 2 or ni > 2. We put n = ni + ■ ■ ■ + ni and 

G^SL{n,R), T = SL{n,Z). 

Define the subgroup A of T to be the stabilizer of the flag F{A,R) in T. Then 

(i) the equation LQNp(A) — A holds. 

(ii) for each finite index subgroup A' of A, the identity is the only automor- 
phism of G fixing all elements of A' . 

Proof. Pick 7 e LQNp(A). It follows that there exists a finite index subgroup of 
A contained in -fAj^^. Since the identity component of the Zariski closure of A 
in SL{n,C) is equal to P(A,C), 7 normalizes P(A,C). Lemma 1931 implies that 7 
fixes F(A,C), and thus 7 e A. This proves the assertion (i). 

We next show the assertion (ii) . Theorem 19.11 describes all automorphisms of 
G. Suppose that go S GL{n,M.) commutes with any element of A' for some finite 
index subgroup A' of A. It then follows that 170 commutes with any element in the 
identity component P(A, C) of the Zariski closure of A'. By Lemma [9.91 ffo fixes 
the fiag P(A,R) and is of the form 



90 



\2In2 * 
A3/„ 



V 



for some G R, where !„■ denotes the identity ni-hy-Ui matrix. Let us recall the 
following elementary fact: We denote by / the identity n-hy-n matrix, and denote 
by Eij the elementary n-hy-n matrix whose (i, j)-entry is one and any other entries 
are zero. 

• The matrix gQ{I + Eij) is given by adding the i-th column of go to the j-th 
column of go ; and 

• the matrix (/ + Eij)go is given by adding the j-th row of go to the j-th 
row of go- 

Since go{I + Eij) = (/ + Eij) go for any i < j, go is of the form go = XI + tEin 
for some A e R \ {0} and t G R. Our assumption that either ni > 2 or > 2 
implies i = 0. Therefore, go lies in the center of GL{n, M). We have shown that any 
automorphism of G given by the conjugation of an element of GL(n, R) which fixes 
any element of A' is the identity. This proves the assertion (ii) in the case oi n = 2 
because any automorphism of SL[2,]&.) is given by the conjugation of an element 
of GL(2,R). 

Assume n > 3. Let go G GL{n,M.) and suppose that the automorphism g 1— 
9oCg)~^go^ of G fixes any element of A'. The equation g^^ago = (*a)^^ then holds 
for each a G A'. As in the proof of Lemma [9.31 we can deduce a contradiction. 
This proves the assertion (ii). □ 

As a consequence of Proposition 19.101 the following theorem can be verified in 
the same way as the proof of Theorem 19.61 and it proves Theorem 11.51 (b) . 
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Theorem 9.11. In the notation of Proposition \ 9.l0[. we assume I > 2 and put 
r = p(T) and A — p{A), where p: SL{V) — > PSL{V) is the natural projection. 
Then the amalgamated free product Tq = T is coupling rigid with respect to 

Comin(ro). In particular, Fq is ME rigid. 

10. Miscellaneous examples 

This section provides a variety of examples of groups to which discussion so far 
can be applied. The first subsection gives construction of subgroups of arithmetic 
lattices which are left-quasi-normaUzed by themselves, reUed on the argument in [5]. 
The second subsection is focused on the subgroups ^ of F = SL{n, Z) consisting of 
diagonal blocks (see Notation 110.51 for a precise definition). Given a discrete group 
A which is ME to the amalgamated free product F *a T, we observe behavior of 
the action of A on the Bass-Serre tree associated with F *^ F. We note that these 
F *^ F do not fulfill some conditions in Assumption (|) (see Remark ll0.6|) . 

10.1. Integral points of algebraic subgroups. Let us collect the notation and 
conventions employed in this subsection. We assume all algebraic groups to be 
linear, and mean by a fc-group an algebraic group defined over a field k. The 
identity component of a /c-group G is denoted by . If G is defined over the field 
Q of rational numbers, then Gz stands for the set of integral points of G. For a 
subset S of G, we denote by S~ its closure with respect to the Zariski topology. 

Proposition 10.1. Let G be a connected reductive M-group and F a discrete sub- 
group ofGwi- IfT is a maximal 'M.- split torus of G such thatT^/ (T^C\T) is compact, 
then the following equality holds: 

LQNr(NG(T)nF) =NG(T)nr. 

Proof. This is essentially proved in Proposition 5.1 in [6^. We give a proof for the 
reader's convenience. Note that the group (Ng(T) n F)/(r n F) is finite because 
there is a natural injective homomorphism from it into the group NG(T)/r, which is 
finite by 8.10 and 13.17 in % Pick any 7 e LQNr(NG(T) nF). It then follows that 
there exists a finite index subgroup A of T n F contained in ^{T n F)7^^. Passing 
to the Zariski closure, we see that T is a subgroup of jTj^^. By comparing the 
dimension, we obtain 7 € Ng{T). □ 

Example 10.2. Let G be a connected semisimple M-group and F a lattice in 
Gr. By |25j, there always exists a maximal M-split torus T in G with T]r/(T^ D 
F) compact. We refer to §5 in 6 for examples of maximal tori satisfying the 
assumption in Proposition 110. ll 

Given a connected algebraic Q-group G, let us define S^{G) as the set of all 
connected Q-subgroups H oi G such that 

{Hi)- - H and [(NG(i/)z)" : H] < 00, 

where the closure is taken with respect to the Zariski topology. 

Lemma 10.3. Let G be a connected algebraic Q-group. Then the following hold: 

(i) For each H £ ^(G), the equality LQN(;^,(N g{H)z) = ^g{H)z holds. 

(ii) Let H be a connected Q-subgroup of G. Suppose that H is a semisimple 
group such that the equality Ng{II)'^ = H holds and the semisimple Lie 
group has no compact factor. Then H G .y{G). 
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Proof. We owe this lemma to §6 in [6]. Let H e J5^(G) and 7 e LQNG,(NG(-ff)z). 
There exists a finite index subgroup of NG(i?)z which is a subgroup of 7NG(i?)z7~^- 
Taking the closure, we see the inclusion H < jHj~^. Hence, H ^ ^H^^^ and 
7 G NG(iJ)z. This proves the equality in the assertion (i). 

In the notation of the assertion (ii), it is known that iJz is a lattice in i/R and 
that any lattice in i/R is Zariski dense in H. These two facts are due to |2 and [3], 
respectively. The equality [Hz)" = H thus holds. □ 

Example 10.4. Assume that a connected algebraic Q-group G is Q-simple, that 
is, there is no connected normal Q-subgroup of G other than {e} and G. Let H 
be a maximal connected Q-subgroup of G and suppose that H is semisimple and 
that the semisimple Lie group -Z/r has no compact factor. The maximality of H 
implies that ^ciH)^ equals either G or H. Since G is Q-simple, NG(i/)° equals 
H. Therefore, H lies in ,9'{G). 

Maximal subgroups of the classical groups are classified by Dynkin 0. For 
example, when n is even, the symplectic group Sp{n, C) is a maximal connected 
closed subgroup of SL{n, C). 

10.2. Diagonal subgroups. Let us first introduce the notation employed through- 
out this subsection. 

Notation 10.5. We fix positive integers ni, 712 and put n = rii + 112- Let us set 



Given gi e GL(ni,R) for each i = 1, 2, we denote by diag(gi,52) the n-by-n matrix 



When we are given two subgroups Hi < GL{ni,M.) and H2 < GL{n2,R), we 
denote by diag(iJi, iJ2) the subgroup of GL{n,M.) consisting of all elements of 
the form diag((7i, (72) with gt G Hi for each i. For a subgroup K of G, we set 
Kz = K SL{n,Z). Let p: SL{n,R) PSL{n,M.) denote the natural projection. 
We put 



and put r = p{T) and A = p{A). Finally, let /, Ii and I2 be the identities in G, 
Gi and G2, respectively. 

This subsection investigates the amalgamated free product F *yi F or f *^ f . The 
latter is isomorphic to the quotient of F *^ F by its center. 

Remark 10.6. In Notation 110.51 the centralizer of A in G contains all matrices of 
the form diag(A"^/i, X~"'^l2) for any non-zero A 6 R. The images of these matrices 
via the natural projection p are non-trivial if A ^ {if}- Thus, the amalgamated 
free product f *^ f does not satisfy the condition (f) in Assumption (J). 

If either ni or 77.2 is even, then the center of A is non-trivial and hence F *^ F is 
not coupling rigid with respect to the commensurator by Proposition 18.31 

The following theorem due to Kazhdan-Margulis states the existence of a lower 
bound of the covolumes of lattices in semisimple Lie groups. This lower bound is 
directly linked with the size of groups which are commensurable with a lattice in G. 
As a result, it will be proved that Conditions (V) and (E) introduced in Notation 
[QD are fulfilled for F and A in Notation [TOSl 



G = SL{n, R), Gi = SL{ni,R), G2 = SL{n2, R). 




i/ = diag(Gi,G2), r = SL{n,Z), A^Ng{H)z 
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Theorem 10.7 ( [261 Corollary 11.9]). Let G be a connected semisimple Lie group 
without compact factors and m a Haar measure on G. Then there exists a positive 
constant M satisfying the following: For any discrete subgroup T of G, the total 
volume of the homogeneous space G/T with respect to the measure on it induced by 
m is at least M . 

Corollary 10.8. Let G be a connected semisimple Lie group without compact fac- 
tors and r a lattice in G. We denote by i: G — ^ Aut(AdG) the natural homomor- 
phism. Then there exists a positive constant c with the following property: For any 
subgroup A o/ Aut(AdG) with A x i{T), we have the inequality 

[A:»(r)nA] ^ 
[z(r) : z(r) n A] - ■ 

Proof. Let m be the Haar measure on AdG. For a discrete subgroup A of AdG, 
we denote by m(AdG/A) the total volume of AdG/ A with respect to the measure 
on it induced by m. Let A be any subgroup of Aut(AdG) with A >; «(r) and put 
Ai = A n AdG. One can then prove the inequality 

[A : ^(^) n A] [Aut(AdG) : AdG][Ai : t{r) D Ai] 

Wr) : z(r) n A] - Kr) : i{t) n Ai] 

< [Aut(AdG) : AdG]m(AdG/z(r))TO(AdG/Ai)-i 

< [Aut(AdG) : AdG]m(AdG/i(r))M-\ 

where M is a positive constant obtained by applying Theorem 1 10. 71 to AdG. Since 
the index [Aut(AdG) : AdG] is finite, this inequality proves the corollary. □ 

Lemma 10.9. In Notation ] lU. 51 the following assertions hold: 

(i) The index [A : Hz] equals two if ni ^ n2, and equals four if ni = n2. 

(ii) The equation LQNp(^) = A holds. 

(iii) Let t denote the natural homomorphism from G into Aut(AdG). Then the 
pair (r, (Aut(AdG), i)) satisfies Condition (V). 

(iv) The triplet £^ = {T,A, (Aut(AdG), ?)) satisfies Condition (E). 

Proof. It is easy to see that any element of Nq [H] preserves the decomposition of 
the vector space M" into the two subspaces spanned by ei, . . . , e„i and spanned by 
e„^+i, . . . , e„, where {ei, . . . , e„} denotes the standard basis for R". This implies 
that the subgroup 

Go = diag(GL(ni,R),GL(n2,M)) nS'L(7i,R) 

of Ng{H) has index one if ni ^ and has index two if n\ = n^,. The assertion 
(i) then follows. The assertions (ii) and (iii) follow from Lemma [10.31 and Corollary 
110.81 respectively. 

We next prove the assertion (iv). Choose a subgroup A of Aut(AdG) and a 
subgroup Ag of A with A x i(r) and Aq x *(^)- One can prove that i~^(Ao) is 
contained in 'Hq{FI) as it is contained in CommQ(A). Hence, there exists a subgroup 
of z~^(Ao) of index at most two contained in Gg. If g G i~^(Ao) were a matrix of the 
form diag((7i, (72) with det^i ^ ±1, then i~^(Ao) and A would not be commensu- 
rable in G because for an integer n, e A if and only if n = 0. It follows that there 
exists a subgroup of i~^(Ao) of index at most four contained in diag(Gi, G2). The 
assertion (iv) then follows from CoroUarv 110.81 because diag(Gi, G2) is a connected 
semisimple Lie group without compact factors. □ 
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Remark 10.10. It is proved as follows that the triplet 3^ = (F, A, (Aut(AdG'), i)) in 
Lemma ri0.9l does not satisfy Condition (F) in Notation [STTT] in any case. If either m 
or 712 is even, then diag(— /i, I2) or diag(/i, —I2) lies in G. Each of them commutes 
with any element of H, which implies that Condition (F) does not hold. If both ni 
and n2 are odd, then one can easily show that Condition (F) is violated by using 
the element in Aut(AdG) given by the conjugation of diag(— /i,/2) € GL{n,R). 

Corollarv 14. 31 proves that if A is a discrete group which is ME to f *^ f , then A 
acts on the Bass-Serre tree T for r*^r. The following theorem gives us information 
on finiteness properties of this action of A on T. 

Theorem 10.11. In Notation \10.5\ suppose n = rii + ^2 > 3. If a discrete group 
A is ME to the amalgamated free product Fq — F^^F, then one can find a subgroup 
A+ o/A of index at most two and a homomorphism p: A+ Aut(T) satisfying the 
following, where T is the Bass-Serre tree associated with the decomposition ofTo-' 

(i) For each simplex s ofT, the stabilizer of s in A4- is virtually isomorphic 
to T if s is a vertex of T , and to A if s is an edge of T. In addition, for 
each V S V{T), the action of on the link of v is cofinite. 

(ii) // there exists a uniform upper bound for the cardinalities of finite subgroups 
of A, then the action of A_|_ on T is cocompact. 

Proof. Since F satisfies the property (T) , Lemma 110.91 (ii) shows that the amalga- 
mated free product Fq = F*^F fulfills the condition in Assumption (*). Let (S, m) 
be an ME coupling of Fq and A. It follows from Corollary 14.31 that there exist a 
homomorphism p: A — >■ Aut*(T) and an almost (Fq x A)-equivariant Borel map 
$: E — s> (Aut*(T), J, p), where i: Fq ^ Aut*(T) is the homomorphism associated 
with the action of Fq on T. As discussed in Section 15.11 we may assume that the 
measure of <I'~^(Aut(T)) is positive, and we set 

A+ = p^\piA) n Aut(T)), E+ = $-i(Aut(T)). 

By applying Lemma [5.21 and Corollarv 15.91 to the ME coupling E+ of Fq and A+, 
we see that the stabilizer of s in A_(- is virtually isomorphic to F if s is a vertex of 
T, and to A if s is an edge of T. Proposition 15. 131 and Lemma ri0.9l (iii). (iv) then 
prove the two assertions in the theorem. □ 

11. Additional results 

This final section presents a few consequences of coupling rigidity with respect to 
commensurators and a brief observation on groups which are ME to free products, 
without a precise proof. These results can be deduced by techniques which are 
already known. 

11.1. Lattice embeddings. Let F be a discrete group and vZ(F) the virtual center 
of F, i.e., the subgroup of F consisting of all elements which centralize a finite index 
subgroup of F. It is easy to check that F is ICC if and only if vZ(F) is trivial. Put 
f — F/vZ(F) and let g: F — > f be the quotient map. It can be easily shown that if 
vZ(F) is finite, then f is ICC. 

One can determine locally compact second countable groups containing a lat- 
tice isomorphic to F when vZ(F) is finite and F is coupling rigid with respect to 
Comm(r). Note that if this is the case, then F is coupling rigid with respect to 
the pair (Comm(F),i o q), where i: F — >■ Comm(F) is the natural homomorphism. 
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This application of coupling rigidity is originally introduced by Furman [llj . The 
following theorem is proved along the argument in §2 of [llj . 

Theorem 11.1. Let T be a discrete group such that the virtual center vZ(r) is 
finite and Comm(r) is countable. Suppose that T is coupling rigid with respect to 
Comm(r). Let t: T H be an injective homomorphism into a locally compact 
second countable group H such that the image t(T) is a lattice in H. Then there 
exists a continuous homomorphism $0 : — > Comm(r) satisfying the following: 

• K = ker $0 is compact. 

• The equation ^o{t{'j)) — io 5(7) holds for any 7 G F. 

• Hq = $Q^^(i(f)) is a finite index subgroup of H . 

• C = t(F) n K is equal to t(vZ(F)) and satisfies the short exact sequence 

1 C 4 r(F) tK K ^ Ho-^l 

of groups, where the semi-direct product t(F) k K is defined by the action 
o/t(F) on K by conjugation, and the homomorphisms j, p are defined by 
the formulas j{c) — (c, c~^) and p(r(7), k) = T('y)k for c S C, 7 G F and 
k S K , respectively. 
In particular, if vZ(T) is trivial, then Hq is isomorphic to t(T) k K. 

11.2. Outer automorphism groups of equivalence relations. When F is an 
ICC discrete group and is coupling rigid with respect to Comm(F), one can compute 
the outer automorphism groups of the equivalence relations for some generalized 
Bernoulli actions of F. We refer to [T^ for the notation used below without a 
precise definition. Let F r\ (X, fi) be an ergodic f.f.m.p. action, called a, and TZ the 
discrete measured equivalence relation associated with the action. We denote by 
e: Aut(72.) Out(7?.) the quotient map. Let Aut*(a) be the subgroup of Aut(7?.) 
consisting of all / G Aut(X, /i) such that there exists vr e Aut(F) satisfying the 
equation 

f{"fx) = n{j)f{x), V7 e F, a.e. x e X. 

We define the subgroup A* (a) of Out(7^) as the image of Aut*(Q!) via e. The 
following theorem implies that in some cases, the computation of Out(7?.) can be 
reduced to the computation of Aut*(Q;) or A* (a). 

Theorem 11.2. Let F be an ICC discrete group such that Comm(F) is countable 
and F is coupling rigid with respect to Comm(F). We define S{T) as the set of all 
conjugacy classes o/i(F) in Comm(F). LetT rv {X,fj,) be an ergodic f.f.m.p. action 
and call it a. Then the following inequality holds: 

[0ut(7^) : A*{a)] < \S{T)\. 

In addition, the equality can be attained for some ergodic f.f.m.p. action a if |>S'(F)| 
is finite. If the action a is aperiodic, then Out (7^) = A* (a). 

This is proved along the same idea as the proof of Theorems 1.1 and 1.2 in [TSj . 
where the theorem is proved when F is the mapping class group. Note that if i(F) 
is a finite index subgroup of Comm(F), then |S'(r)| is finite. The following theorem 
computes Out(7?.) if TZ is associated with a certain generalized Bernoulli action. 
The proof is given along the line of the proof of Proposition 5.3 in fTE\. 

Theorem 11.3. Let F be the group in Theorem \ll.S\. A an infinite proper subgroup 
ofT with LQNp(74) = A, and (AT, /i) a non-trivial standard probability space, where 
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a standard probability space is said to be non-trivial if there is no point in it whose 
measure is one. If the generalized Bernoulli action T r\ [X^^)^/^ is essentially 
free, then the outer automorphism group of the associated equivalence relation is 
isomorphic to the group 

Aut(A<r) ^ , , 
Ad(r)nAut(A<r) "^"^(^'^)' 

where Kni{A < T) is the subgroup 0/ Aut(r) consisting of all automorphisms ofT 
preserving A, and Ad(r) is the group of inner automorphisms ofT. 

When r = Fi r2 is the amalgamated free product in Assumption (l), it is 
easy to show that each of the subgroups Fi and T2 is left-quasi-normahzed by itself 
in r and associates the generalized Bernoulli action for any non-trivial standard 
probability space which is essentially free. 

11.3. Groups which are ME to free products. Let Fi and F2 be infinite dis- 
crete groups satisfying the property (T), and let F = Fi * F2 be the free product 
of them. Let V{T) = F/Fi U F/F2 be the set of vertices of the Bass-Serre tree T 
associated with the decomposition of F. We denote by B the group of bijections 
on V{T) equipped with the standard Borel structure associated with the pointwise 
convergence topology. Let z : F — >■ _B denote the homomorphism arising from the 
action of F on V{T). By using Theorem l2.2l as in the proof of Theoreni l4.41 we can 
prove the following: 

Proposition 11.4. The free product F = Fi * r2 is coupling rigid with respect to 
the pair {B, i). 

It is obvious that F is not generally coupling rigid with respect to the automor- 
phism group Aut*(r) of T because Comm(F) cannot naturally be embedded in 
Aut*(T). 

Let E be a coupling of F and an arbitrary group A. Applying Theorem 13. 5[ 
one obtains a homomorphism p: A ^ B with ker p finite and an almost (F x A)- 
equivariant Borel map $: E {B,i,p). Along the same argument as in the proof 
of Lemma 15.21 we can prove the following: 

Lemma 11.5. For each vertex v € V{T), ^~^{Stab{v)) is a coupling ofTy and 
Ay, where Stab(i;) is the stabilizer of v in B and we put 

Ty = «"^(i(F) n Stab(w)), A„ = p^\piA) n Stab(u)). 

In particular, A contains subgroups Ai and A2 with Fi ^me Ai and F2 '^me A2. 

Given two distinct vertices Vi,V2 G V{T), one can prove that A^^ n Ay^ is finite. 
It is interesting to ask whether the relation between A„j and Ay^ is nearly free or 
not. We note that in general, if Fi and F2 contains an isomorphic finite group F, 
then F and (Fi *f^2)*F are ME. 
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